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Abstract

We develop minimax optimal risk bounds for the general learning task consisting
in predicting as well as the best function in a reference set G up to the smallest
possible additive term, called the convergence rate. When the reference set is fi-
nite and when n denotes the size of the training data, we show that this minimax
convergence rate is (bg_n|g\)v where 0 < v < 1 depends on the convexity of the
loss function and on the level of noise in the output distribution.

The risk upper bounds are based on a sequential randomized algorithm, which
at each step concentrates on functions having both low risk and low variance with
respect to the previous step prediction function. Our analysis puts forward the
links between the probabilistic and worst-case viewpoints, and allows to obtain
risk bounds unachievable with the standard statistical learning approach. One of
the key idea of this work is to use probabilistic inequalities with respect to appro-
priate (Gibbs) distributions on the prediction function space instead of using them
with respect to the distribution generating the data.

The risk lower bounds are based on refinements of the Assouad’s lemma taking
particularly into account the properties of the loss function. Our key example to
illustrate the upper and lower bounds is to consider the L,-regression setting for
which an exhaustive analysis of the convergence rates is given while ¢ describes
[1; +o0l.






Résumé

Nous développons des bornes optimales au sens minimax pour le probleme d’ap-
prentissage statistique suivant : prédire aussi bien que la meilleure fonction de
prédiction d’un ensemble de référence, au plus petit terme additif pres appelé
la vitesse de convergence. Lorsque 1’ensemble de référence est fini et lorsque n
désigne la taille de I’ensemble d’apprentissage, nous montrons que la vitesse de
convergence est de 1’ordre de (mg_n\g|)v ou 0 < v < 1 dépend de la convexité de la
fonction de perte et de la qualité des données d’apprentissage.

Les bornes supérieures sur I’erreur de généralisation sont basées sur un algo-
rithme séquentiel, qui a chaque étape, se concentre sur les meilleures fonctions
de prédiction et les plus proches de la fonction de prédiction construite a 1’étape
d’avant.

Notre étude met en avant les liens entre le point de vue probabiliste et I’analyse
du pire des cas et permet d’obtenir des bornes sur I’erreur de généralisation que ne
donnent pas 1’approche standard de la théorie de I’apprentissage statistique. Une
des idées fondamentales de ce travail est d’utiliser les bornes probabilistes par
rapport a des distributions bien choisies sur 1’espace des fonctions de prédiction
au lieu de les employer par rapport a la distribution générant les données.

Les bornes inférieures sur I’erreur de généralisation sont obtenues par une
amélioration du lemme d’Assouad qui notamment tient compte de la fonction
de perte du probleme d’apprentissage. Notre exemple clé pour illustrer nos bornes
inférieures et supérieures est de considérer les fonctions de pertes L, (i.e. {(y,y') =
ly — 9'|9), ¢ > 1, pour lesquelles nous donnons une analyse détaillée des vitesses
de convergence.
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1 Introduction

We are given a family G of functions and we want to learn from data a function
that predicts as well as the best function in G up to some additive term called the
convergence rate. Even when the set G is finite, this learning task is crucial since

e any continuous set of prediction functions can be viewed through its cov-
ering nets with respect to (w.r.t.) appropriate (pseudo-)distances and these
nets are generally finite.

e one way of doing model selection among a finite family of submodels is to
cut the training set into two parts, use the first part to learn the best predic-
tion function of each submodel and use the second part to learn a predic-
tion function which performs as well as the best of the prediction functions
learned on the first part of the training set.

From this last item, our learning task for finite G is often referred to as model
selection aggregation. It has two well-known variants. Instead of looking for a
function predicting as well as the best in G, these variants want to perform as
well as the best convex combination of functions in G or as well as the best linear
combination of functions in G. These three aggregation tasks are linked in several
ways (see [39] and references within).

Nevertheless, among these learning tasks, model selection aggregation has
rare properties. First, in general an algorithm picking functions in the set G is
not optimal (see e.g. [19, p.14]). This means that the estimator has to look at
an enlarged set of prediction functions. Secondly, in the statistical community,
the only known optimal algorithms are all based on a Cesaro mean of Bayesian
estimators (also referred to as progressive mixture rule). Thirdly, the proof of their
optimality is not achieved by the most prominent tool in statistical learning theory:
bounds on the supremum of empirical processes (see [41], and refined works as
[10, 35, 36, 15] and references within).

The idea of the proof, which comes back to Barron [8], is based on a chain rule
and appeared to be successful for least square and entropy losses [18, 19,9, 45, 17]
and for general loss in [32].

In the online prediction with expert advice setting, without any probabilis-
tic assumption on the generation of the data, appropriate weighting methods have
been showed to behave as well as the best expert up to a minimax-optimal additive
remainder term (see [37, 25] and references within). In this worst-case context,
amazingly sharp constants have been found (see in particular [31, 23, 24, 46]).
These results are expressed in cumulative loss and can be transposed to model
selection aggregation to the extent that the expected risk of the randomized proce-
dure based on sequential predictions is proportional to the expectation of the cu-
mulative loss of the sequential procedure (see Lemma 4.3 for precise statement).



This work presents a sequential algorithm, which iteratively updates a prior
distribution put on the set of prediction functions. Contrarily to previously men-
tioned works, these updates take into account the variance of the task. As a conse-
quence, posterior distributions concentrate on simultaneously low risk functions
and functions close to the previously drawn prediction function. This conserva-
tive law is not surprising in view of previous works on high dimensional statistical
tasks, such as wavelet thresholding, shrinkage procedures, iterative compression
schemes ([4]), iterative feature selection ([1]).

The paper is organized as follows. Section 2 introduces the notation and the
existing algorithms. Section 3 proposes a unifying setting to combine worst-case
analysis tight results and probabilistic tools. It details our randomized estima-
tor and gives a sharp expectation bound. In Sections 4 and 5, we show how to
apply our main result under assumptions coming respectively from sequential
prediction and model selection aggregation. Section 6 contains algorithms that
satisfy sharp standard-style generalization error bounds. To the author’s knowl-
edge, these bounds are not achievable with classical statistical learning approach
based on supremum of empirical processes. Here the main trick is to use proba-
bilistic inequalities w.r.t. appropriate distributions on the prediction function space
instead of using them w.r.t. the distribution generating the data. Section 7 presents
an improved bound for L, -regression (¢ > 1) when the noise has just a bounded
moment of order s > q. This last assumption is much weaker than the traditional
exponential moment assumption. Section 8 refines Assouad’s lemma in order to
obtain sharp constants and to take into account the properties of the loss function
of the learning task. We illustrate our results by providing lower bounds matching
the upper bounds obtained in the previous sections.

2 Notation and existing algorithms

We assume that we observe n pairs Z; = (X1,Y1),...,Z, = (X,,Y,) of input-
output and that each pair has been independently drawn from the same unknown
distribution denoted P. The input and output space are denoted respectively X
and ), so that P is a probability distribution on the product space Z £ X x ).
The target of a learning algorithm is to predict the output Y associated with an
input X for pairs (X,Y’) drawn from the distribution P. In this work, Z,,,; will
denote a random variable independent from the training set Z? = (Zy,...,Z,)
and with the same distribution P. The quality of a prediction function g : X — )

is measured by the risk (also called expected loss or regret):

R(g) 2 Ezp L(Z,9),
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where L(Z, g) assesses the loss of considering the prediction function g on the
data Z € Z. The symbol £ is used to underline that the equality is a definition.
When there is no ambiguity on the distribution that a random variable has, the ex-
pectation w.r.t. this distribution will simply be written by indexing the expectation
sign IE by the random variable. For instance, we can write R(g) = E; L(Z, g).
We use L(Z,g) rather than L[Y, g(X)] to underline that our results are not re-
stricted to non-regularized losses, where we call non-regularized loss a loss that
can be written as /[Y, g(X)] for some function /: Y x ) — R.

Forany i € {0,...,n}, the cumulative loss suffered by the prediction function
g on the first 7 pairs of input-output, denoted Z} for short, is

Si(g) £ ZL(ng),

where by convention we take >, identically equal to zero. The symbol = is used
to underline when a function is identical to a constant (e.g. >y = 0). With slight
abuse, a symbol denoting a constant function may be used to denote the value of
this function.

The n-fold product of a distribution p, which is the distribution of a vector
consisting in 7 i.i.d. realizations of i, is denoted ®". For instance the distribution
of (Z1,...,2,)1is P®".

The symbol C' will denote some positive constant whose value may differ from
line to line. The set of non-negative real numbers is denoted R = [0; +00[. We
define || as the largest integer & such that & < z. To shorten notation, any finite
sequence aq, . . ., a, Will occasionally be denoted a’. For instance, the training set
1s Z7.

To handle possibly continuous set G, we consider that G is a measurable space
and that we have some prior distribution 7 on it. The set of probability distri-
butions on G will be denoted M. The Kullback-Leibler divergence between a
distribution p € M and the prior distribution 7 is

K(p,m) 2 { E4, log (f(g)) ifp<<.7r,
+00 otherwise
where 2 denotes the density of p w.rt. m when it exists (i.e. p < ). For any
p € M, we have K (p, 7) > 0 and when 7 is the uniform distribution on a finite
set G, we also have K (p, ) < log |G|. The Kullback-Leibler divergence satisfies
the duality formula (see e.g. [20, p.10]): for any real-valued measurable function
h defined on G,

- _ ~h
plenﬂf/t {Egep h(g) + K(p,7)} = —logEyr e 9. 2.1



and that the infimum is reached for the Gibbs distribution

e—h(9)

m-n(dg) £ 5=y - (dg). (2.2)

Intuitively, the Gibbs distribution 7_; concentrates on prediction functions g that
are close to minimizing the function h : G — R.

Forany p € M,E,, g:2+— E,, g(x) = | g(x)p(dg) is called a mixture of
prediction functions. When ¢ is finite, a mixture is simply a convex combination.
Throughout this work, whenever we consider mixtures of prediction functions, we
implicitly assume that E,., g(x) belongs to ) for any z so that the mixture is a
prediction function. This is typically the case when ) is an interval of R.

We will say that the loss function is convex when the function g — L(z, g) is
convex for any z € Z, equivalently L(z,E,., g) < E,., L(z, g) for any p € M
and z € Z. In this work, we do not assume the loss function to be convex except
when it is explicitly mentioned.

The algorithm used to prove optimal convergence rates for several different
losses (see e.g. [18, 19,9, 45, 17, 32]) is the following:

Algorithm A: Let A > 0. Predict according to n%l > im0 Bgorn_yx, g, Where we
recall that 32; maps a function g € G to its cumulative loss up to time .

In other words, fog a new input z, the prediction of the output given by Algo-
. h A . 1 n g(x)ef/\zi(!nﬂ-(dg)

rithm 1S P i=0 e_’\Ei(g)ﬂ(dg)
parameter A\ and the distribution 7 should be appropriately chosen. When G is
finite, the estimator belongs to the convex hull of the set §.

From Vovk, Haussler, Kivinen and Warmuth works ([43, 31, 44]) and the link
between cumulative loss in online setting and expected risk in the batch setting
(see later Lemma 4.3), an “optimal” algorithm is:

. To give the optimal convergence rate, the

Algorithm B: Let A > 0. Forany i € {0,...,n}, let h; be a prediction function
such that

5 1
Vz€Z  L(zh) <~ 10gBgur s, e (=9,

If one of the ; does not exist, the algorithm is said to fail. Otherwise it predicts
according to —= > hs.

In particular, for appropriate A > 0, this algorithm does not fail when the
loss function is the square loss (i.e. L(z,g) = [y — g()]?) and when the output
space is bounded. Algorithm B is based on the same Gibbs distribution 7_ 3,
as Algorithm A. Besides, in [31, Example 3.13], it is shown that Algorithm A is
not in general a particular case of Algorithm B, and that Algorithm B will not
generally produce a prediction function in the convex hull of G unlike Algorithm
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A. In Sections 4 and 5, we will see how both algorithms are connected to the
generic algorithm presented in the next section.

We assume that the set, denoted G, of all prediction functions has been equipped
with a o-algebra. Let D be the set of all probability distributions on G. By defini-
tion, a randomized algorithm produces a prediction function drawn according to a
probability in D. Let P be a set of probability distributions on Z in which we as-
sume that the true unknown distribution generating the data is. The learning task
is essentially described by the 3-tuple (G, L, P) since we look for an estimator (or
algorithm) g such that

E,nR(370) — min R
1831;172{ znR(gzr) min (9)}

is minimized, where we recall that R(g) = E;_p L(Z,g). To shorten notation,
when no confusion can arise, the dependence of gzr w.rt. the training sample
7 will be dropped and we will simply write g. This means that we use the
same symbol for both the algorithm and the prediction function produced by the
algorithm on a training sample.

Finally we implicitly assume that the quantities we manipulate are measur-
able: in particular, we assume that a prediction function is a measurable function
from X’ to Y, the mapping (z,vy,g) — L[(x,y), g|] is measurable, the estimators
considered in our lower bounds are measurable, . ..

3 The algorithm and its generalization error bound

The aim of this section is to build an algorithm with the best possible convergence
rate regardless of computational issues. For any A > 0, let d, be a real-valued
function defined on Z x G x G that satisfies

VpeM 3Fx(p) €D

iug {EZNP Eg/Nfr(p) log ]Eng eA [L(Z,g’)—L(Z,g)—&,\(Z,g,g’)}} S 0 (3'1)
S

Condition (3.1) is our probabilistic version of the generic algorithm condition in
the online prediction setting (see [43, proof of Theorem 1] or more explicitly in
[31, p.11]), in which we added the variance function ¢,. Our results will be all the
sharper as this variance function is small. To make (3.1) more readable, let us say
for the moment that

e without any assumption on P, for several usual “strongly” convex loss func-
tions, we may take d, = 0 provided that A is a small enough constant (see
Section 4).



e Inequality (3.1) can be seen as a “small expectation” inequality. The usual
viewpoint is to control the quantity L(Z, g) by its expectation w.r.t. Z and
a variance term. Here, roughly, L(Z, g) is mainly controlled by L(Z, ¢')
where ¢’ is appropriately chosen through the choice of 7(p), plus the addi-
tive term J,. By definition this additive term does not depend on the par-
ticular probability distribution generating the data and leads to empirical
compensation.

e in the examples we will be interested in throughout this work, 7(p) will be
either equal to p or to a Dirac distribution on some function, which is not
necessarily in G.

e forany loss function L, any set P and any A > 0, one may choose 0,(Z, g, ¢')
2L(Z,9) — L(Z, g’)}2 (see Section 6).

Our results concern the following algorithm, in which we recall that 7 is a
prior distribution put on the set G.

Generic Algorithm:

1. Let A > 0. Define jy £ #(7) in the sense of (3.1) and draw a function
according to this distribution. Let Sy(g) = 0 for any g € G.

2. Foranyi € {1,...,n}, iteratively define

Si(9) £ Si_1(9) + L(Zi, g) + 0x(Zi, 9, 9i—1) foranyge G.  (3.2)

and
pi = 7(T_xs,) (in the sense of (3.1))

and draw a function g; according to the distribution p;.

3. Predict with a function drawn according to the uniform distribution on the
finite set {go, . .., Gn}-

Remark 3.1. When d,(Z, g, ¢') does not depend on g, we recover a more standard-
style algorithm to the extent that we then have 7m_,g5, = 7_,xn,. Precisely our
algorithm becomes the randomized version of Algorithm A. When 0,(Z, g, ¢’)
depends on g, the posterior distributions tend to concentrate on functions having
small risk and small variance term. In Section 6, we will take 0,(Z, g,q) =
2L(Z,g) — L(Z,¢)] ?_This choice implies a conservative mechanism: roughly,
with high probability, among functions having low cumulative risk 3J;, g; will be
chosen close to g; 1.



For any ¢« € {0,...,n}, the quantities S;, p; and g; depend on the training
data only through Z%, where we recall that Z! denotes (Zi,...,Z;). Besides
they are also random to the extent that they depend on the draws of the functions
9oy -+ -5 Gi1-

Our randomized algorithm produces a prediction function which has three
causes of randomness: the training data, the way ¢, is obtained (step 2) and the
uniform draw (step 3). For fixed Z! (i.e. conditional to Z), let §2; denote the
joint distribution of g5 = (go, ..., §:). Let i be the randomizing distribution of
our algorithm, i.e. the distribution on G corresponding to the last two causes of
randomness. From the previous definitions, for any function h : G — R, we
have B, h(g) = Egneq, n%l > o h(g;). Our main upper bound controls the
expected risk Ez»[E;; R(g) of our iteratively randomized generic procedure.

Theorem 3.1. Let Ax(g,9") = Ezop 6x(Z,9,9') for g € G and g’ € G, where
we recall that §, is defined as (3.1). The expected risk of the generic algorithm
satisfies

EzpEyon R(g') < igﬁ {Eg~p R(g) + Egup EzpEg e Ax(g,9') + %

(3.3)
In particular, when G is finite and when the loss function L and the set P are such
that 0, = 0, by taking m uniform on G, we get

EzEgvi R(9) < min R+ 055} (3.4)

Proof. Let £ denote the expected risk of the generic algorithm:
EE EznEy s R(g) = n+r1 Z?:o EZiEgngi R(g:)-

We recall that Z,, ;1 is a random variable independent from the training set Z{* and
with the same distribution P. Let S, be defined by (3.2) fori = n + 1. To
shorten formulae, let 7; £ 7_ As; SO that by definition we have p; = 7(7;) in the
sense of (3.1). Inequality (3.1) implies that

E R(g') < _iEZEg’m?(p) log By, e NHZ9+NZ090],

9'~%(p)
So for any i € {0,...,n}, for fixed g5 ' = (go, - - ., §i_1) and fixed Z%, we have

Eyp B(9') < _%]EZ

Eyp, 10g By, e NEZi10145:Zisr 9.0)

Taking the expectations w.r.t. (Zi, g5 '), we get

EZiE‘@BR(g'L) = ]E’Z{EgéflEg/Nﬁi R(gl)
< _i]EZi_HEgé log ngﬁi e~ AMAZiy1,9)+0x(Zit1,9,9:)]
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Consequently, by the chain rule (i.e. cancellation in the sum of logarithmic terms;
[8]) and by intensive use of Fubini’s theorem, we get

&= n+1 > o EziEgi R(9:)
< — A(n—&-l ZZ "o EZzHE i log ngﬂ e AL(Zit1,9)+0x(Zit1,9,9i)]

— “AL(Zi41,9)+0x(Zi41,9,5:)]
= ,\(n+1)EZIL“]Eyo Zz:O logEgz; € (
_ 1 R n Egnr e MSit1(9)
— _—A(n+1)EZf’+1E93 Zi:O log (—ng o35 (9)

By e~ n+109)
— — s E s By log (B2

A(n+1) Egr € —XS0(9)

— _)\(’n{Fl)Ezn+lE log Egrvq’r e )\Sn_',l(g)

Now from the following lemma, we obtain

)\E n+1]EA7LSn+1(g)
z 90
E < n+1 logEgr € 1

P
)\ n+1)R E nE.n T’; A 7Ai
— —m log ngﬂ e [( +1)R(9)+ zpBgl i=0 A(9:9 ):|

_ : i Ax(9,9i) K(p,m)
= 225\2 {E9~P R(g) + Eqgp EZFEQS On+A1 + (np+1)}

Lemma 3.2. Let W be a real-valued measurable function defined on a product
space Ay X Ay and let piy and iy be probability distributions on respectively A,
and Ay such that By, ., 10g By, e7V@192) < 400, We have

—Eoynpy l0gEayp, €7 Wiaraz) < — log & e e Wianaz),

as~uz €
Proof. By using twice (2.1) and Fubini’s theorem, we have

—Eq, logEg eVl = E, inf {Eo,W(a1,a2) + K(p, p2) }
P

< inf Bo, {E,,W(ar,a2) + K (p. jr2)}

= —logE,e BaWlavae),

O
Inequality (3.4) is a direct consequence of (3.3). L]

Theorem 3.1 bounds the expected risk of a randomized procedure, where the
expectation is taken w.r.t. both the training set distribution and the randomizing
distribution. From the following lemma, for convex loss functions, (3.4) implies

Ez; R(Eqp 9) < min R+ 5255, (3.5)

where we recall that /i is the randomizing distribution of our generic algorithm
and ) is a parameter whose typical value is the largest A > 0 such that §, = 0.

8



Lemma 3.3. For convex loss functions, the doubly expected risk of a random-
ized algorithm is greater than the expected risk of the deterministic version of the
randomized algorithm, i.e. if p denotes the randomizing distribution, we have

Ezp R(Egep 9) < EzpEgey R(9).
Proof. The result is a direct consequence of Jensen’s inequality. O

In [23], the authors rely on worst-case analysis to recover standard-style sta-
tistical results such as Vapnik’s bounds [42]. Theorem 3.1 can be seen as a com-
plement to this pioneering work. Inequality (3.5) is the model selection bound
that is well-known for least square regression and entropy loss, and that has been
recently proved for general losses in [32].

Let us discuss the generalized form of the result. The r.h.s. of (3.3) is a classi-
cal regularized risk, which appears naturally in the PAC-Bayesian approach (see
e.g. [21, 20, 6, 48]). An advantage of stating the result this way is to be able
to deal with uncountable infinite G. Even when G is countable, this formulation
has some benefit to the extent that for any measurable function h : G — R,
minge {Egp Alg) + K(p,m)} < min {h(g) +logm™(9)}.

Our generalization error bounds depend on two quantities A and 7 which are
the parameters of our algorithm. Their choice depends on the precise setting.
Nevertheless, when G is finite and with no special structure a priori, a natural
choice for 7 is the uniform distribution on G.

Once the distribution 7 is fixed, an appropriate choice for the parameter \ is
the minimizer of the r.h.s. of (3.3). This minimizer is unknown by the statistician,
and it is an open problem to adaptively choose A close to it.

4 Link with sequential prediction

This section aims at illustrating condition (3.1) and at clearly stating results com-
ing from the online learning community in our batch setting. In [43, 31, 44], the
loss function is assumed to satisfy: there are positive numbers 7 and c such that

VpeM 3Fg,: X =Y Vel Vye)y

c Ll 4.1)
L[($7y)agp] S _ElogEng (& nL[( 7y)7g]

Remark 4.1. 1f g — e~1(29) is concave, then (4.1) holds for ¢ = 1 (and one may
take g, = Eyp 9).

Assumption (4.1) implies that condition (3.1) is satisfied both for A = 7 and
0x(Z,9.9") = —(1 = 1/c)L(Z,g') and for A = n/c and 6x(Z,g,9') = (c -
1)L(Z,g), and we may take in both cases 7(p) as the Dirac distribution at g,,.

9



This leads to the same procedure that is described in the following straightforward
corollary of Theorem 3.1.

Corollary 4.1. Let g-_, ., be defined in the sense of (4.1) (for p = m_;x,). Con-
sider the algorithm which predicts by drawing a function in {gLnEO, e ,gLnEn}
according to the uniform distribution. Under Assumption (4.1), its expected risk
Ezp g Yoo R(gr_ s, ) is upper bounded with

K(p,m)

emin {Eq, R(g) + 3557 J- (4.2)

This result is not surprising in view of the following two results. The first one
comes from worst-case analysis in sequential prediction.

Theorem 4.2 (Haussler et al. [31], Theorem 3.8). Let G be countable. For any
g € G, let¥i(g) =35, L(Z;, g) (still) denote the cumulative loss up to time i of
the expert which always predict according to function g. Under Assumption (4.1),
the cumulative loss on Z7' of the strategy in which the prediction at time i is done

according to gr_, ., in the sense of (4.1) (for p = m_,s, ) is bounded by

infgeg{cXn(g) + 5 log 7~ (g)}. (4.3)

The second result shows how the previous bound can be transposed into our
model selection context by the following lemma.

Lemma 4.3. Let A be a learning algorithm which produces the prediction func-
tion A(Z}) at time i + 1, i.e. from the data Z} = (Zy, ..., Z;). Let L be the ran-
domized algorithm which produces a prediction function L(Z}') drawn according

to the uniform distribution on {A(0), A(Z1),..., A(Z})}. The (doubly) expected
risk of L is equal to — times the expectation of the cumulative loss of A on the
sequence /1, . . ., Zn+1

Proof. By Fubini’s theorem, we have

ERIL(ZT)] = nTl YicoBzp RIA(ZY)]
= Y im0 Bz L[ Zig, A(Z)))]

nt1

B Sy L Zi, A(Z))
]

For any nn > 0, let ¢(n) denote the infimum of the ¢ for which (4.1) holds.
Under weak assumptions, Vovk ([44]) proved that the infimum exists and studied
the behavior of ¢(n) and a(n) = c¢(n)/n, which are key quantities of (4.2) and
(4.3). Under weak assumptions, and in particular in the examples given in Table

10



Output space Loss L(Z,g) c(n)

Entropy loss Y =10;1] Y log (g(X)) cn)=1ifn <1
[31, Example 4.3] +(1-Y)log (:+ &)) c(n) =oc0ifn >1
Absolute loss game | Y = [0;1] Y — g(X)| W

[31, Section 4.2] =1+n/4+o0(n)

Square loss Y = [-B, B] [Y —g(X)]? c(n) =1ifn <1/(2B?)

[31, Example 4.4] c(n) = +o0 1f77 > 1/(2B?)
L,-loss Y =1[-B,B] Y —g(X)]1 c(n) =
(seep. 11) qg>1 fn<q L1 n22-9)

Table 1: Value of ¢(n) for different loss functions. Here B denotes a positive real.

1, the optimal constants in (4.3) are ¢(n) and a(n) ([44, Theorem 1]) and we have
c(n) > 1, n — ¢(n) nondecreasing and 1 — a(n) nonincreasing. From these last
properties, we understand the trade-off which occurs to choose the optimal 7.

Table 1 specifies (4.2) in different well-known learning tasks. For instance, for
bounded least square regression (i.e. when |Y| < B for some B > 0), the gener-
alization error of the algorithm described in Corollary 4.1 when = 1/(2B?) is
upper bounded with

minge s {Egep R(g) +2B2EL1 1 (4.4)

The constant appearing in front of the Kullback-Leibler divergence is much smaller
than the ones obtained in unbounded regression setting even with gaussian noise
and bounded regression function (see [17, 32] and [21, p.87]). The differences
between these results partly comes from the absence of boundedness assumptions
on the output and from the weighted average used in the aforementioned works.
Indeed the weighted average prediction function, i.e. Ey., g, does not satisfy
(4.1) for c = 1 and n = 1/(2B?) as was pointed out in [31, Example 3.13]. Nev-
ertheless, it satisfies (4.1) for ¢ = 1 and n < 1/(8B?) (see Remark 4.1), which
leads to similar but weaker bound (see (4.2)).

Case of the L, -losses. To deal with these losses, we need the following slight
generalization of the result given in Appendix A of [33].

Theorem 4.4. Let Y = |[a;b]. We consider a non-regularized loss function, i.e. a
loss function such that L(Z, g) = (Y, g(X)] forany Z = (X,Y) € Z and some
function { : Y x Y — R. Foranyy € Y, let {, be the function [y +— ((y,y)]. If
foranyy e}y

e /, is continuous on Y

e (, decreases on [a;y|, increases on [y;b] and {,(y) = 0

11



o (, is twice differentiable on |a; y[U]y; ],
then (4.1) is satisfied for c = 1 and

. Ly (e, ()~ (1), (y)
s T IE, P, W, (4.5)

where the infimum is taken w.r.t. y1,y and ys.
Proof. See Section 10.1. Il

Remark 4.2. This result simplifies the original one to the extent that ¢, does not
need to be twice differentiable at point y and the range of values for y in the
infimum is ]y;; yo| instead of |a; b].

Corollary 4.5. For the L,-loss, when ) = [—B; B] for some B > 0, condition
(4.1) is satisfied for c = 1 and

0 < S(1A2°79)
Proof. We apply Theorem 4.4. By simple computations, the r.h.s. of (4.5) is
inf (a=1)(y2—31)

_B<yi<y<ye<B 1W=y)(w2=y)[(y=y1)7 +(y2—y)7~"]

_q—1 1

qé})qoggﬁl HI—t)[Ee I+ (1—1)a 1]

For 1 < ¢ < 2, the infimum is reached for ¢ = 1/2 and (4.5) can be written as

n < g%. For ¢ > 2, (4.5) is satisfied at least when 1) < ;‘((%;31)21. O]

5 Model selection aggregation under Juditsky, Rigol-
let and Tsybakov assumptions ([32])

The main result of [32] relies on the following assumption on the loss function L
and the set P of probability distributions on Z in which we assume that the true

distribution is. There exist A > 0 and a real-valued function 1) defined on G x G
such that for any P € P

Ezp M9 LZI <ap(g,g)  foranyg,9' € G
¥(g,g9) =1 forany g € G (5.1)
the function [g — (4, g)] is concave for any ¢’ € G

Theorem 3.1 gives the following result.
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Corollary 5.1. Consider the algorithm which draws uniformly its prediction func-
tion in the set {Egr_,, g,...,E g}. Under Assumption (5.1), its ex-

) TG \Sy,

pected risk E zn n+r1 Yoo R(Egor ss, 9) is upper bounded with

3 K( ,71')
min {Ey, R(g) + 5650 }- (5.2)

Proof. See Section 10.2. 0

In this context, our generic algorithm reduces to the randomized version of
Algorithm A. From Lemma 3.3, for convex loss functions, (5.2) also holds for the
risk of Algorithm A. Corollary 5.1 also shows that the risk bounds of [32, The-
orem 3.2 and the examples of Section 4.2] hold with the same constants for our
randomized algorithm (provided that the expected risk w.r.t. the training set dis-
tribution is replaced by the expected risk w.r.t. both training set and randomizing
distributions).

On Assumption (5.1) we should say that it does not a priori require the function
L to be convex. Nevertheless, any known relevant examples deal with “strongly”
convex loss functions and we know that in general the assumption will not hold
for the SVM (or hinge) loss function and for the absolute loss function. Indeed,
without further assumption, one cannot expect rates better than 1/y/n for these
loss functions (see Section 8.4.2).

One can also recover the results in [32, Theorem 3.1 and Section 4.1] by taking
the appropriate variance function 0,(Z, g, ¢’). Once more the aggregation proce-
dure is different because of the randomization step but the generalization error
bounds are identical.

6 Standard-style statistical bounds

This section proposes new results of a different kind. In the previous sections, un-
der convexity assumptions, we were able to achieve fast rates. Here we have
assumption neither on the loss function nor on the probability generating the
data. Nevertheless we show that our generic algorithm applied for §,(Z,¢g,¢') =
ML(Z,9) — L(Z,¢'))?/2 satisfies a sharp standard-style statistical bound.

This section contains two parts: the first one provides results in expectation (as
in the preceding sections) whereas the second part provides deviation inequalities
on the risk that requires advances on the sequential prediction analysis.
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6.1 Bounds on the expected risk
6.1.1 Bernstein’s type bound

Theorem 6.1. Let V(g,q') = Ez{[L(Z,g) — L(Z,¢)]*}. Consider our generic
algorithm (see Section 3) applied with 0)\(Z,q,q') = MNL(Z,g9) — L(Z,¢"))?/2
and 7t(p) = p. Its expected risk EznEy.; R(g), where we recall that [i denotes
the randomizing distribution, satisfies

EznEg i R(g) < ffélﬁ {EQNP R(g) + %ng) EzpEg~p Vg, g') + ﬁiﬁff))}

(6.1)
Proof. See Section 10.3. ]

To make (6.1) more explicit and to obtain a generalization error bound in
which the randomizing distribution does not appear in the r.h.s. of the bound, the
following corollary considers a widely used assumption that relates the variance
term to the excess risk. Precisely, from Theorem 6.1, we obtain

Corollary 6.2. Under the generalized Mammen and Tsybakov’s assumption which
states that there exist 0 < v < 1 and a prediction function g (not necessarily
in G) such that V(g,9) < c[R(g) — R(g)]" for any g € G, the expected risk

& =EzEy s R(g) of the generic algorithm used in Theorem 6.1 satisfies

o When~y =1,

~ . c ~ K(p,m
£€—-R(g) < min {}fci [Egvp R(9) — R(9)] + %}

In particular, for G finite, w the uniform distribution, A = 1/(2c), when §

belongs to G, we get £ < min R(g) + _4‘31051@\'
9€g n

o When~y < 1, forany 0 < 3 < 1 and for R(g) & R(g) — R(j),

£~ R(3) < {4 (Eyey [Rlo) + AR (@) + 222 by (125) 7.

Proof. See Section 10.4. [

To understand the sharpness of Theorem 6.1, we have to compare this result
with the following one that comes from the traditional (PAC-Bayesian) statistical
learning approach which relies on supremum of empirical processes. In the fol-
lowing theorem, we consider the estimator minimizing the uniform bound, i.e. the
estimator for which we have the smallest upper bound on its generalization error.
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Theorem 6.3. We still use V(g,q') = Ez{[L(Z, 9) — L(Z,¢'))*}. The general-
ization error of the algorithm which draws its prediction function according to the
Gibbs distribution 7_,y,, satisfies

EZIIEQ’Nﬁf)\En R(g/)

S iIel.lAI/(l {Eng R(g) + W + )\Eng ]EZ{LEQ’Nﬂ’_)\zn V(g, g/) (62)

AL Y By BpEyn s, [L(Zi:9) = L(Zis ) }.

Let @ be the positive convex increasing function defined as p(t) = et_th_t and
0(0) = % by continuity. When sup,cz jeg sec |1L(2,9) — L(2,9)| < B, we also
have

EznEgr_ s, R(g") < min {Eng R(g)

peEM

AP ABEmy By Eyer s, V(g.9) + K525},
Proof. See Section 10.5. [

(6.3)

As in Theorem 6.1, there is a variance term in which the randomizing distrib-
ution is involved. As in Corollary 6.2, one can convert (6.3) into a proper gener-
alization error bound, that is a non trivial bound EzzEy . . R(g) < B(n,m,\)
where the training data do not appear in B(n, m, A).

By comparing (6.3) and (6.1), we see that the classical approach requires the
quantity sup,cg seglL(Z,9') — L(Z,g)| to be uniformly bounded and the un-
pleasing function ¢ appears. In fact, using technical small expectations theorems
(see e.g. [3, Lemma 7.1]), exponential moments conditions on the above quantity
would be sufficient.

The symmetrization trick used to prove Theorem 6.1 is performed in the pre-
diction functions space. We do not call on the second virtual training set currently
used in statistical learning theory (see [42]). Nevertheless both symmetrization
tricks end up to the same nice property: we need no boundedness assumption on
the loss functions. In our setting, symmetrization on training data leads to an un-
wanted expectation and to a constant four times larger (see the two variance terms
of (6.2) and the discussion in [4, Section 8.3.3]).

In particular, deducing from Theorem 6.3 a corollary similar to Corollary 6.2 is
only possible through (6.3) and provided that we have a boundedness assumption
ONSUD,c 7 yeg seq |1 1(2,9") — L(2, g)|. Indeed one cannot use (6.2) because of the
last variance term in (6.2) (since X,, depends on Z;).

6.1.2 Hoeffding’s type bound

Contrary to generalization error bounds coming from Bernstein’s inequality, (6.1)
does not require any boundedness assumption. For bounded losses, without any
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variance assumption (i.e. roughly when the assumption used in Corollary (6.2)
does not hold for v > 0), tighter results are obtained by using Hoeffding’s in-
equality, that is: for any random variable IV satisfying a < W < b, then for any

A>0
EerW-EW) < 6,\Q(b—a)?/g

Theorem 6.4. Assume that for any z € Z and g € G, we have a < L(z,g9) < b
for some reals a,b. Consider our generic algorithm (see Section 3) applied with
0\Z,9,9') = X\b—a)?*/8 and 7(p) = p. Its expected risk EznEy.; R(g), where
we recall that [i denotes the randomizing distribution, satisfies

. A(b—a)? K(p,m
EzEpp Blg) < min {Epn, R9)+ 2520 + 5031 (69)
In particular, when G is finite, by taking 7 uniform on G and A = %,
we get
. log |G
Bz By Rg) — min R(g) < (b= a)y/ 5055, (6.5)
Proof. From Hoeffding’s inequality, we have
Eyi(p) 10gEg, AL(Z2.9)-L(Zg)] — 102g Eg);p By i) L(Z,9')=L(Z,9)]
< A% (b—a

8 Y

hence (3.1) holds for 6y = A\(b — a)?/8 and 7t(p) = p. The result directly follows
from Theorem 3.1. ]

The standard point of view (see Appendix B) applies Hoeffding’s inequality
to the random variable W = L(Z, ¢') — L(Z, g) for g and ¢ fixed and Z drawn
according to the probability generating the data. The previous theorem uses it
on the random variable W = L(Z,¢') — E,., L(Z,g) for fixed Z and fixed
probability distribution p but for ¢’ drawn according to p. Here the gain is a
multiplicative factor equal to 2 (see Appendix B).

6.2 Deviation inequalities

For the comparison between Theorem 6.1 and Theorem 6.3 to be fair, one should
add that (6.3) and (6.2) comes from deviation inequalities that are not exactly ob-
tainable to the author’s knowledge with the arguments developed here. Precisely,
consider the following adaptation of Lemma 5 of [47].

Lemma 6.5. Let A be a learning algorithm which produces the prediction func-
tion A(Z}) at time i + 1, i.e. from the data Z| = (Zi,...,Z;). Let L be the
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randomized algorithm which produces a prediction function L(Z}") drawn ac-
cording to the uniform distribution on {A(0), A(Z1), ..., A(Z})}. Assume that
sup, , o |L(2,9) — L(z,4')| < B for some B > 0. The expectation of the risk of
L w.rt. to the uniform draw is n+r1 i o RIA(Z})] and satisfies: for any n > 0
and € > 0, for any reference prediction function g, with probability at least 1 — €

w.r.t. the distribution of Z1, . .., Zy 11,

ob S RIA(ZD) = RG) < iy S0 {10, ACZD) = LZisn, )}
Tnp(nB) iy S VIA(Z)), §) + e )

(6.6)
where we still use V (g, 9') = Ez{[L(Z, g) — L(Z, ¢'))*} for any prediction func-
tions g and g' and p(t) = et’tzl’t foranyt > 0.

Proof. See Section 10.6. [

We see that two variance terms appear. The first one comes from the worst-
case analysis and is hiddenin Y { L[Z; 11, A(Z})]— L(Z;11, §) } and the second
one comes from the concentration result (Lemma 10.1). The presence of this last
variance term anneals the benefits of our approach in which we were manipulating
variance terms much smaller than the traditional Bernstein’s variance term.

To illustrate this point, consider for instance least square regression with boun-
ded outputs: from Theorem 4.2 and Table 1, the hidden variance term is null while
the second variance term prevents us to obtain deviation inequalities of order n~?
even though from (4.4) our procedure has n~!-convergence rate in expectation.

To conclude, for deviation inequalities, we cannot expect to do better than the
standard-style approach since at some point we use a Bernstein’s type bound w.r.t.
the distribution generating the data.

Remark 6.1. Lemma 6.5 should be compared with Lemma 4.3. The latter deals
with results in expectation while the former concerns deviation inequalities. Note
that Lemma 6.5 requires the loss function to be bounded and makes a variance
term appear.

7 Application to L -regression

This section shows that Theorem 3.1 used jointly with the symmetrization idea
developed in the previous section allows to obtain new convergence rates in heavy
noise situation, i.e. when the output is not constrained to have a bounded expo-
nential moment. As a warm-up exercise, we consider the absolute loss setting
(Section 7.1). Section 7.2 then deals with the strongly convex loss functions (i.e.
qg>1).
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7.1 Caseq=1:

Here we just assume that the functions in the model G are uniformly bounded,
i.e. sup,eg . exlg(z)] < b for some b > 0. From (6.1), using that V(g,g') =
EZ{[|Y —g(X)|—|Y — ¢ (X)[]*} <4b? forany A > 0, there exists an estimator

. “ . 2 log |G| . _ log|G|
g such that ER(g) — min R(g) < 2\ + 3ontny- Choosing A = /5050 e
the minimizer of the previous r.h.s., we obtain

ER(j) — min R(g) < 2by/ 229, (7.1)

geg

7.2 Caseq > 1:
We start with the following theorem concerning general loss functions.

Theorem 7.1. Let B > b > 0 and Y = R. Consider a loss function L which can
be written as L[(z,y), g] = |y, g(x)], where the function { : R xR — R satisfies:
there exists \og > 0 such that for any y € |—B; B|, the function y' — e Moty g
concave on [—b;b]. Let

Aly) =  sup [y, ) — Ly, 3)].
|| <b,|8|<b
For A €]0; \o|, consider the algorithm that draws uniformly its prediction function
in the set {Egr s, G, Egun_yy, 9}, and consider the deterministic version
of this randomized algorithm. The expected risk of these algorithms satisfy

EznR(75 Z?:? Egur_ss, 9)
<Ezigdico BEger s, 9)

1 K(pﬂT) 7.2
< ey {EQNP R(g) + A(n—l—l)} (7.2)
2
—i—E{ )\AQ(Y)]-)\A(Y)<1;|Y|>B + [A(Y) - %} 1,\A(Y)21;\Y\>B}-
Proof. See Section 10.7. [

Remark 7.1. Fory € [—B; B], concavity of ¢/ + e~ */@¥) on [—b; b] for Ay > 0
implies convexity of ¢/ — £(y,y’) on [—b; b].

In particular, for least square regression, Theorem 7.1 can be simplified into:
Theorem 7.2. Assume that sup,cg ,cx|9(x)| < b for some b > 0. For any 0 <

A\ < 1/(8b?), the expected risk of the algorithm that draws uniformly its prediction
Junction among Egr ;- g,....Bgur ;g is upper bounded with

min {En R(9)+ SNPE(Y Ly on102) + 125 . (7.3)
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Proof. For any B > b, for any y € [—B; B, straightforward computations show
that i/ — e *®=¥)* is concave on [—b; b] for Ao = 57 +b)2, so that we can apply
Theorem 7.1. We have A(y) = 4b|y| so that by optlmrzrng the parameter B, we
obtain that the expected risk of the algorithm is upper bounded with

min {Boup R(g) + $235 b+ E{(40Y] = ) Lpyizamn 1}
—i—E{S/\b Y21 (20)~1/2b<|Y|<(4b)) 1}

min {Eg~p R(g) + f(fm)} +E{8AY Ly (apn)1
FE{8AD’Y 1 00 -1/2_pc < (ap2)-1 }»

which gives the desired result. 0

IN

Theorem 7.2 improves [17, Theorem 1].
Corollary 7.3. Under the assumptions

SUP egrex|9(z)| <O for someb >0
ElY|*<A  forsomes>2and A >0
G finite

for A = C} (%)MSH) where C'y > 0 and 7 the uniform distribution on G, the
expected risk of the algorithm that draws uniformly its prediction function among
Egor_ysy 9 By s, 9 is upper bounded with

o s/(s+2
min R(g) + C(“4) /42 (7.4)
for a quantity C' which depends only on C, b, A and s.

Juditsky, Rigollet and Tsybakov proved that Corollary 7.3 can also be obtained
through a simple adaptation of their original analysis (see [32, Section 4.1]).

Proof. The moment assumption on Y implies
@ IE|Y |71y 3q < Aforany 0 < ¢ < sand a > 0. (7.5)

As a consequence, the second term in (7.3) is bounded with 8\b2A(2))(5=2)/2,
so that (7.3) is upper bounded with mingcgR(g) + A22+5/252)\/2 4 log \g| wh1ch
gives the desired result. ]

In particular, with the minimal assumption EY? < A (i.e. s = 2), the con-
vergence rate is of order n~'/2, and at the opposite, when s goes to infinity, we
recover the n~! rate we have under exponential moment condition on the output.

Using Theorem 7.1, we can generalize Corollary 7.3 to L,-regression and ob-
tain the following result.
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Corollary 7.4. Let ¢ > 1. Assume that

Supgeg,mex|g(5€)| <b for some b > 0
EY| <A  forsomes>qand A> 0

g finite

Let 7 be the uniform distribution on G, C; > 0 and

\ C1(logrjg‘)(qil)/s when q < s < 2q—2
The expected risk of the algorithm which draws uniformly its prediction function
among By r o g, ..., Egor 5 g is upper bounded with

. log |G\ 11—+

mlélR(g)—i-C(gn ) s when g < s < 2q — 2

g€

miél R(g) + C’(logn|g|)1_5T2 when s > 2q — 2

ge

for a quantity C which depends only on C, b, A, q and s.
Proof. See Section 10.8. [

Remark 7.2. For g > 2, low convergence rates (that is n~" with v < 1/2) appear
when the moment assumption is weak: E|Y|* < A for some A > 0 and ¢ <
s < 2q — 2. Convergence rates faster that the standard non parametric rates n '/
are achieved for s > 2¢q — 2. Fast convergence rates systematically occurs when
1 < g < 2 since for these values of ¢, we have s > ¢ > 2¢q — 2. Surprisingly,
for ¢ = 1, the picture is completely different (see Section 8.4.2 for an exhaustive
discussion and for the minimax optimality of the results of this section).

8 Lower bounds

The simplest way to assess the quality of an algorithm and of its expected risk
upper bound is to prove a risk lower bound saying that no algorithm has better
convergence rate. This section provides this kind of assertions. The lower bounds
developed here have the same spirit as the ones in [16, 2, 13], [28, Chap. 15] and
[5, Section 5] to the extent that it relies on the following ideas:

e The supremum of a quantity Q(P) when the distribution P belongs to some
set P is larger than the supremum over a well chosen subset of P, which is
larger than the mean of Q(P) when the distribution P is drawn uniformly
in this subset.
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e When the chosen subset is an hypercube of 2™ distributions (see Section
8.1), the design of a lower bound over the 2™ distributions reduces to the
design of a lower bound over two distributions.

e When a sequence Z7' has similar likelihoods according to two different
probability distributions, then no estimator will be accurate for both dis-
tributions: for this sequence, the risk of any estimator will be all the larger
as the Bayes-optimal prediction associated with the two distributions are
‘far away’.

We refer the reader to [14] and [40, Chap. 2] for lower bounds which applies for
general set of probability distributions, not necessarily containing hypercubes as
here. Our analysis focuses on hypercubes since in several settings they afford to
obtain lower bounds with both the right convergence rate and close to optimal
constants. Our contribution in this section is

e to provide results for general non-regularized loss functions (we recall that
non-regularized loss functions are loss functions which can be written as
Li(z,y), 9] = lly, g(x)] for some function ¢ : J) x ) — R),

e to improve the upper bound on the variational distance appearing in As-
souad’s argument,

e to generalize the argument to asymmetrical hypercubes which is necessary
to find the lower bound matching the upper bound of Corollary 7.4 for
q< s< 2q—2,

e to express the lower bounds in terms of similarity measures between two
distributions characterizing the hypercube.

e to obtain lower bounds matching the upper bounds obtained in the previous
sections.

Remark 8.1. In [31], the optimality of the constant in front of the (log |G|)/n has
been proved by considering the situation when both |G| and n goes to infinity.
Note that this worst-case analysis constant is not necessary the same as our batch
setting constant. This section shows that the batch setting constant is not “far”
from the worst-case analysis constant.

Besides Lemma 4.3, which can be used to convert any worst-case analysis up-
per bounds into a risk upper bound in our batch setting, also means that any lower
bounds for our batch setting leads to a lower bound in the sequential prediction
setting. Indeed the cumulative loss on the worst sequence of data is bigger than
the average cumulative loss when the data are taken i.i.d. from some probabil-
ity distribution. As a consequence, the bounds developed in this section partially
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solve the open problem introduced in [31, Section 3.4] consisting in developing
tight non-asymptotical lower bounds. For least square loss and entropy loss, our
bounds are off by a multiplicative factor smaller than 4 (see Remarks 8.6 [p.35]
and 8.7 [p.37)).

This section is organized as follows. Section 8.1 defines the quantities that
characterize hypercubes of probability distributions and details the links between
them. Section 8.2 defines a similarity measure between probability distributions
coming from f-divergences (see [26]) and gives their main properties. We give
our main lower bounds in Section 8.3. These bounds are illustrated in Section 8.4.

8.1 Hypercube of probability distributions
Let m € N*. Consider a family of 2™ probability distributions on Z
{Pa. 262 (01,...,0m) € {—;+}m}

having the same first marginal, denoted y:

and such that there exists
e a partition &), ..., X, of &,
e functions h; and hy defined on X — X} taking their values in )
e functions p, and p_ defined on X — A}, taking their values in [0; 1]

for which for any j € {1,..., m}, for any = € X;, we have
Pr(Y =h(z)|X =2) =pg,(2) =1— P5(Y = ha(2)| X =), (8.1)

and for any z € &), the distribution of Y knowing X = z is independent from &
(i.e. the 2™ conditional distributions are identical).

In particular, (8.1) means that for any x € X — &), the conditional probability
of the output knowing the input x is concentrated on two values and that, under
the distribution P;, the disproportion between the probabilities of these two values
is all the larger as p,, (z) is far from 1/2 for j the integer such that z € X;.

Remark 8.2. Equality (8.1) indirectly implies that for any x, hy(z) # ho(z). This
is not at all restricting since points for which we would have liked h(x) = hy(x)
can be put in the “garbage” set Aj.

Definition 8.1. The family of 2™ probability distributions will be referred to as an
hypercube of distributions if and only if for any j € {1,...,m},
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Figure 1: Representation of a probability distribution of the hypercube. Here the
hypercube is a constant and symmetrical one (see Definition 8.2) with m = 8 and
the probability distribution is characterized by ¢ = (4, —, +, —, —, +, +, —).

e the probability p(X;) = u(X € Aj;) is independent from j, ie. pu(X) =
= ),

e the law of (p4(X),p_(X),h1(X), ho(X)) when X is drawn according to
the conditional distribution (-] X € Xj) is independent from j, i.e. the m
conditional distributions are identical.

Remark 8.3. The typical situation in which we encounter hypercubes are when
X C R? for some d > 1 and when we have translation invariance to the extent
that there exist ta, ..., ¢s in R? such that for any j € {2,...,m}, X; = X1 + ¢;
and for any x € A7,

(Pe(@ +1;),p—(z 4+ ), ha(z + 1;), holz + 1))
= (p_,_(ZE),p_(QS),hl(m),hg(lU))-

A special hypercube is illustrated in Figure 1.

Forany p € [0;1],y; € Y, y2 € Y and y € Y, consider

o (V) = pl(y1,y) + (1 — p)l(ya, y) (8.2)

When y; # s, this is the risk of the prediction function identically equal to y when
the distribution generating the data satisfies P[Y = y;| = p = 1 — P[Y = y].
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The case y; = ys corresponds to P[Y = y; = y»] = land will not be of interest
to us (since we will use this function for y; = hy(x) # hao(x) = y2). .
Through this distribution, the quantity

Dyr s (P) = Inf 041,00 (y) (8.3)

can be viewed as the risk of the best constant prediction function.

Remark 8.4. In the binary classification setting, i.e. when |)| = 2, from the Bayes
rule, the function [93 +— a minimizer of ppy—y X:x)7,1,+1} is the best prediction
function to the extent that it minimizes the risk R (see typical examples of loss
functions in Section 8.4.1 and an exhaustive study of their links in [11]).

For any p, and p_ in [0; 1], introduce

¢p+7pgy1,yz () (8.4)
= ¢y17y2 [ozp+ + (1 - Oé)p,] - Q¢y1,y2 (er) - (1 - Oé)(ﬁth(p,)

Lemma8.1. [ Foranyy, € Y, yo € Y, p+ € [0;1] and p_ € [0;1], the
functions ¢, ., and 2, , .. ., are concave, and consequently admit one-
sided derivatives everywhere. The function 1, ,_ ., ., is non-negative.

2. Define the function K, as K,(t) = [(1—a)t| A [a(1—1)]. Let g- = p_Apy
and q; = p_ V p. Assume that the function ¢y, ,, is twice differentiable by
parts on [q_; q4] to the extent that there exist ¢ = [y < 1 < -+ < g <
Bat1 = q+ such that for any { € {0, ..., d}, ¢y, ., is twice differentiable on
1Be; Besa|- Forany £ € {1,...,d}, let A, denote the difference between the
right-sided and left-sided derivatives of ¢y, ,, at point 3,. We have

1
Vb po 1,92 (@) = —=(p+ —p-) fo o y1 Y2 [tp+ +(1—1t)p_ }dt
—|P+ p- | Ze 1 (ﬁ)ﬁe

In particular, we have

Upyp 12 (1/2)
= b 2 P A (L= 0|6l L [ty + (L —Op_]|dt (8.5)

LY (i — Bl A 1B o) A
Proof. 1. The function ¢,, ,, is concave since it is the infimum of concave

(affine) functions. As a direct consequence, the function ¢, ,,  ,, ., 1S con-
cave and non-negative.

2. It suffices to apply the following lemma, that is proved in Section 10.9, to
the function f : t — ¢y, 4, [tp+ + (1 — ¢)p_], which has critical points on t,
defined as t;p, + (1 — ty)p_ = [y.
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Lemma 8.2. Let f : [0; 1] — R be a function twice differentiable by parts to
the extent that there exist 0 =ty < t; < --- < ty < tgr1 = 1 such that for
any ¢ € {0,...,d}, f is twice differentiable on |t;;ty 1[. Assume that f is
continuous and admits left-sided derivatives f] and right-sided derivatives
fl(te) at the critical points t,. For any o € |0; 1], we have

Fle) = af(1) = (1= a)f(0) = — [§ Ka(t)"(t)
_ZE:I ( )[ r( )_ fz/(té)]
Il

Definition 8.2. Let {P; : 6 £ (0y,...,0m,) € {—;+}™} be an hypercube of
distributions.

1.
2.
3.

The positive integer m is called the dimension of the hypercube.
The probability w £ p(X;) = - - - = u(X,,) is called the edge probability.

The characteristic function of the hypercube is the function VR L — Ry
defined as for any u € R

B(u) = $m(u+ DExep { Lxer U, (x10- (0m (0000 (725) -

. The edge discrepancies of type I of the hypercube are

dy % ) = By axpxen) Wm(X (X) m()a() (1/2)] (8.6)
di £ Epaxixex{ [p+(X) — p-(X)*}

. The edge discrepancy of type II of the hypercube is defined as

i 2 Byaxixexn{ (VIR 0T =0 (0] - V=2 (0 (%))}
(8.7)

. A probability distribution P, on Z satisfying Py(dX) = p(dX) and for any

T E€X— Xy, BY = hi(2)|X =z] =1 = R[Y = hy(2)|X = 2] will
be referred to as a base of the hypercube.

. Let P, be a base of the hypercube. Consider distributions P, 0 € {—,+}

admitting the following density w.r.t. Fy:

2py () when z € X and y = hy(2)
P[" L(2,y) = ¢ 2[1 —po(x)] whenz € Xy and y = hy(x)
1 otherwise

The distributions P_j and P4 will be referred to as the representatives of
the hypercube.
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8. When the functions p, and p_ are constant on Xj, the hypercube will be
said constant.

9. When the functions p and p_ satisfies p; = 1 — p_ on X — A}, the hy-
percube will be said symmetrical. In this case, the function 2p, — 1 will be

denoted & so that
Py = =
{ * (8.8)

—_
7axy

]

—_
7axy

pi —=

Otherwise it will be said asymmetrical.

M|

The edge discrepancies are non-negative quantities that are all the smaller as
p— and p, become closer.
Let us introduce the following assumption.

Differentiability assumption. For any z € A}, the function ¢y, ;) 5, () 18 twice
differentiable and satisfies for any t € [p_(z) A py(z); p—(x) V p4(2)],

|7 oy (D] = € (8.9)
for some ¢ > 0.

When )Y C R, the differentiability assumption is typically fulfilled when for
any y; # ya, the functions y — ¢(y1,y) and y — £(ys, y) admit second derivatives
lower bounded by a positive constant and when these functions are minimum for
respectively y = y; and y = y». This is the case for least square loss and entropy
loss, but it is not the case for hinge loss, absolute loss or classification loss. The
following result gives the main properties of the characteristic function ¢ and
useful lower bounds of it.

Lemma 8.3. The characteristic function of the hypercube is a concave nonde-
creasing function and satisfies

e (0) =0
o (u) = (uA1)i(1)

e Under the differentiability assumption (see (8.9)), we have

Plu) > M > (A1)

where we recall that df = E,ax|xex,){[p+(X) — p—(X)]*}.In particular,
we have
dy > §di. (8.10)
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Proof. From Lemma 8.1, the function v is non-negative and concave. Therefore
the characteristic function is also concave and non-negative on R, . Consequently,
it is nondecreasing. The remaining assertions of the lemma are then straightfor-
ward. O

To underline the link between the discrepancies of types I and II, one may
consider (8.10) jointly with the following result

Lemma 8.4. When an hypercube is constant and symmetrical, i.e. when on X

Py = 12i5 and p_ = 12;5 for & constant, we have

di — dH — 52.

Finally, since the design of constant and symmetrical hypercubes is the key of
numerous lower bounds, we use the following:

Definition 8.3. A (m, w, dh)-hypercube is a constant and symmetrical /n-dimensional
hypercube with edge probability w and edge discrepancy of type II equal to dy,
and for which p, > 1/2 and h; and h, are constant functions.

For these hypercubes, we have m = m, w = w, dy = dNH and

§ = Vdu
—  1-vdn

P- =

pe = 1+\/2 dn

and from (8.5), when the function ¢, 5, is twice differentiable on |p_; p |,

d= 4 [ A (1= 1)

&, <_1—5/d71 + \/d_Ht> ) dt. (8.11)

8.2 f-similarity

Let us introduce a similarity measure between probability distributions. When a
probability distribution PP is absolutely continuous w.r.t. another probability distri-
bution Q, i.e. P < Q, % denotes the density of P w.r.t. Q.

Definition 8.4. Let f : R, — R, be a concave function. The f-similarity be-
tween two probability distributions is defined as

[f(5)dQ ifP < Q

S;(P,Q) = { f(0) otherwise 8.12)
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Equivalently, if p and ¢ denote the density of P and Q w.r.t. the probability
distribution (P 4 Q) /2, one can define the f-similarity as

S1(P,Q) = [, f(2)dQ

It is called f-similarity in reference to f-divergence (see [26]) to which it is
closely related. Precisely, introduce the function f = f(1) — f. f is convex and
satisfies f(1) = 0. Thus it is associated with an f-divergence, which is defined as

fj(%)d@ ifP<Q

f(0) otherwise ®-13)

-]
Then we have S¢(P, Q) = f(1) — D(P, Q).

Here we use f-similarities since they are the quantities that naturally appear
when developing our lower bounds. As the f-divergence, the f-similarity is in
general asymmetric in P and Q. Nevertheless for a concave function f : R, —
R;, one may define a concave function f* : Ry — Ry as f*(u) = uf(1/u)
and f*(0) = lim, o uf(1/u), and we have (see [26] for the equivalent result for
f-divergence): when P < Q and Q < P,

Si(P,Q) = S-(Q,P). (8.14)
We will use the following properties of f-similarities.

Lemma 8.5. Let P and Q be two probability distributions on a measurable space
(&, B) such that P < Q.

1. Let f and g be non-negative concave functions defined on R . and let a and
b be non-negative real numbers. For any probability distributions P and Q,
we have Sqp19(P, Q) = aS;(P, Q) + bS,(P, Q). Besides if f < g, then
Sf (]P)7 @> < SQ(P’ Q)

2. Let A € Bsuchthat% =1lonA Let A=E — A Let f : R, - R, bea
concave function. Let P’ and Q' be probability distributions on & such that

.P/<<Q/
° %,zlonA.

e P =Pand Q' = Qon AS i.e. forany B € B, P'(BNA®) = P(BNA°)
and Q'(BN A°) = Q(B N A°).

We have
Si (P, Q) = S (P, Q).
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3. Let &' be a measurable space and . be a o-finite positive measure on E'.
Let { f,}vecer be a family of non-negative concave functions defined on R,
such that (u,v) — f, (%(u)) is measurable. We have

Jor Sp. (B, Q)u(dv) = S, 5, u(aw) (P, Q). (8.15)
Proof. 1. It directly follows from the definition of f-similarities.

2. We have

S;(PQ) = [if (P')d@’HAc /(@)

= f( )Q, +fAc ( )d@
FMQA) + [, f(5)dQ

= S;(P,Q)

3. This Fubini’s type result follows from the definition of the integral of non-
negative functions on a product space.
]

8.3 Generalized Assouad’s lemma

We recall that the n-fold product of a distribution P is denoted P®". We start this
section with a general lower bound for hypercubes of distributions (as defined in
Section 8.1). This lower bound is expressed in terms of a similarity (as defined in
Section 8.2) between n-fold products of representatives of the hypercube.

Theorem 8.6. Let P be a set of probability distributions containing an hypercube
of distributions of characteristic function 1) and representatives P_j and Py,. For
any training set size n € N* and any estimator g, we have
sup{ER(g) —min R(9)} > S; (P}, B}) (8.16)
PepP ’
where the minimum is taken over the space of prediction functions and ER(§

) de
notes the expected risk of the estimator § trained on a sample of size n: ER( g) =
]EZ?NP@” R(gZ{‘) EZ{LNP‘@" E(X,y ~P E[Y, gZIr (X)]

Proof. See Section 10.10. [

This theorem provides a lower bound holding for any estimator and expressed
in terms of the hypercube structure. To obtain a tight lower bound associated
with a particular learning task, it then suffices to find the hypercube in P for
which the r.h.s. of (8.16) is the largest possible. By providing lower bounds of
S (Pﬁ}", Pﬁ}") that are more explicit w.r.t. the hypercube parameters, we obtain
the following results that are more in a ready-to-use form than Theorem 8.6.
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Theorem 8.7. Let P be a set of probability distributions containing an hypercube
of distributions characterized by its dimension m, its edge probability w and its
edge discrepancies dy and dy (see Definition 8.2). For any training set size n € N*
and any estimator (, the following assertions hold.

1. We have

sup{ER(g) —min R(g)} > muwdi(1—/1~[1—du]™) 8.17)
> muwd; (1 — v/nwdy).

v

2. When the hypercube is constant and symmetrical(see Definition 8.2) , we
also have

sup {ER(g) — min R(g)} > muwdi{P(IN] > | /22 ) — gif*}

1—dy
PeP 9
(8.18)
for N a centered gaussian random variable with variance 1.
3. When the hypercube satisfies p. =1 =1 — p_, we also have
sup{ER(g) —min R(g)} 2 muwdi(1 —w)" (8.19)
€

4. When the hypercube is constant and symmetrical and when the differentia-
bility assumption (see (8.9)) holds, we also have

sup{ER(§) — min R(g)} > muedn
PeP 9

Proof. See Section 10.11. [

The lower bounds (8.17), (8.18) and (8.20) are of the same nature. (8.17) is
the general lower bound having the simplest form. For constant and symmetrical
hypercubes, it can be refined into (8.18) and, when the differentiability assumption
holds, into (8.20). These refinements mainly concern constants as we will see in
Section 8.4.3. Finally, (8.19) is less general but provide results with tight constants
when convergence rate of order n~! has to be proven (see Remarks 8.6 [p.35] and
8.7 [p.37)).

To better understand the link between (8.17), (8.18) and (8.20), the following
corollary considers an asymptotic setting in which n goes to infinity and the pa-
rameters of the hypercube varies with n (which is the typical situation even for
finite sample lower bounds).
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Corollary 8.8. Let a > 0 and N be a centered gaussian random variable with
variance 1. Under the assumptions of item 4 of the previous theorem, we have

dy > %dn (8.21)

and (8.17), (8.18) and (8.20) respectively lead to

Vv

1—-v1l—em
1_\/57

liminf - g sup{ER(9) —min R(g)} 2 P(IN|>va)  823)

lim inf —L_ sup{ER(§) — min R
dH—’O,TLU)dH—’d mde Pe']P;{ (g) g (g)}

(8.22)

v

diy—0,nwdi—a

and
. . N . e—a/2 e3a/2
i B T SR UBRE) —min R} 21+ 57 =57 624
Proof. Tt follows from Theorem 8.7 and (1 4 z)'/* — ¢ when z — 0. ]

Inequality (8.21) leads to (slightly) weakened versions of (8.22) and (8.23)
that can be directly compared with (8.24) (see Figure 2). A numerical comparison
of these bounds is given in Section 8.4.3.

Remark 8.5. The previous lower bounds consider deterministic estimators (or al-
gorithms), i.e. functions from the training set space U,>¢Z" to the prediction
function space G. They still hold for randomized estimators, i.e. functions from
the training set space to the set D of probability distributions on G.

8.4 Examples

Theorem 8.7 gives a very simple strategy to obtain a lower bound for a given
set P of probability distributions and a reference set G of prediction functions: it
consists in looking for the hypercube contained in the set P and for which

e the lower bound is maximized,

e for any distribution of the hypercube, G contains a best prediction function,
i.e. mingR(g) = mingegR(g).

In general, the order of the bound is given by the quantity mwd; (or mw(dy in the
case of (8.20)) and the quantities w and djj are taken such that nwdj is of order 1.

In this section, we apply this strategy in different learning tasks. Before giving
these lower bounds (Section 8.4.2), Section 8.4.1 stresses on the influence of the
loss function in the computations of the edge discrepancy d; and the constant ¢ of
the differentiability assumption (8.9).
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1-sqrt[1-exp(-a)]
P[I N | > sgrt(a)] .
1+0.5%*exp(-a/2)—-0.5*exp(3a/2)

0.2 ]

0.1p 4

Figure 2: Comparison of the r.h.s. of (8.22), (8.23) and (8.24)

8.4.1 Edge discrepancy d; and constant ( of the differentiability assumption

All the previous lower bounds rely on either the edge discrepancy d; or the con-
stant ¢ of the differentiability assumption (that has been introduced to control d;
in a simple way). The aim of this section is to provide more explicit formulas of
these quantities for different loss functions.

To obtain the formula for dj, we essentially use (8.6) and (8.5) jointly with the
explicit computation of the second derivative of the function ¢. To shorten nota-
tion, /.(e| X)) denotes the conditional distribution (dX|X € Xj). For instance,
(8.6) reduces to di = E,(e|x1)Ups p_h1,he (1/2) and df = E o2y (P4 — p—)*.

Entropy loss. Here we consider )V = [0;1] and the loss for prediction ¢ in-
stead of y is {(y,y’) = K(y,vy'), where K (y,y') is the Kullback-Leibler diver-
gence between Bernoulli distributions with respective parameters y and ¢/, i.e.

K(y,y') = ylog (5) + (1 —y)log (11:5) Let H(y) denote the Shannon’s en-
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tropy of the Bernoulli distribution with parameter y, i.e.

H(y) = —ylogy — (1 —y)log(1 —y). (8.25)

Computations lead to: for any p € [0; 1],

Gy (p) = H(pyr + (1 — p)y2) — pH (1) — (1 — p)H (y2), (8.26)
hence
" <p) _ (y1—y2)?
Y1,y2 [py1+(1—p)y2][(p(1—y1)+(1—p)(1—y2)]

This last equality is useful when one wants to compute ( satisfying (8.9).

Classification loss. In this setting, we have |))| < 400 and the loss incurred by
predicting ¢’ instead of the true value y is £(y,y’) = 1,.,. In this learning task,
we have ¢y, ,,(p) = [p A (1 — p)|1y,2,, and ¢, . = 0on [0;1] — {1/2}. Then
(8.6), (8.5) and Remark 8.2 [p.22] lead to

dy = Eu(.m){ [P+ =3 A [p- = 3]] 1(p+—§><p7—5><0}‘

Binary classification losses (or regression losses when the output is binary).
In this setting, we have ) = RU{—o00; +00}, but we know that P(Y € {—1;+1}) =
1. So we are only interested in hypercubes of distributions satisfying this con-
straint, i.e. such that for any x € X, hy(z) and ho(x) belong to {—1;+1}. In
this setting, a best prediction function g, i.e. a measurable function from X" to Y
minimizing R(g) = E/[Y, g(X)], is determined by the regression function:

n(xz) = PY = +1|X = z).
Let sign(z) = 1,50 — 1,<¢ be the sign function on R.

e R-Classification loss. The loss function is /(y,y') = 1,,/<( and a best pre-
diction function is ¢*(x) = sign(n(x) — 1/2). Without surprise, we recover
the same formulae as for the classification loss.

e Hinge loss. The loss functionis £(y,y') = (1—yy'). = max{0; 1—yy'} and
a best prediction function is g*(z) = sign(n(x) — 1/2). For any y;,y, €
{—1;+1}, we have ¢y, 4,(p) = 2[p A (1 — p)|1y, 2, and ¢Z17y2 = O on

[0; 1] — {1/2}. Then (8.6), (8.5) and Remark 8.2 [p.22] lead to
dy = QEH(.|X1){ [lp+ = 3| A fp- = 3] 1(p+*%)(p—f%)<0}’
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e Exponential loss (or AdaBoost loss). The loss function is £(y,y') = e %',
For any y; # y2 € {—1; +1} and any p € [0; 1], the function ¢y, ,, is
minimized for y = % log ( ) so a best predlctlon function is g*(x) =

1 log (= n() 7). We obtaln Byy 4o (P) = 24/p(1 — p)1,, 2, and

— 1
,7/J/1 Y2 (p) = — 2[p(1-p)]3/2 Ly -

In this setting, to obtain a lower bound of dj, one has typically to compute
( satisfying (8.9) and to use (8.10).

e Logit loss. The loss function is £(y,y’) = log(1 + e*¥). For any y; #
yo € {—1;+1} and any p € [0; 1], the function ¢, ,, ,, is minimized for
y = 1y log (ﬁ), s0 a best prediction function is g*(z) = log (722 (n() )) We
obtain ¢y, ., (p) = H(p)1y,-y,, Where H(p) denote the Shannon’s entropy

of the Bernoulli distribution with parameter p (see (8.25)). We get

1
,yll »Y2 (p) = ~ p(1-p) 12/175@/2‘

Once more, to obtain a lower bound of dj, one has typically to compute ¢
satisfying (8.9) and to use (8.10).

L,loss. We consider Y = R and the loss function is ¢(y,y’) = |y — ¢/|? with
q > 1. The values ¢ = 1 and ¢ = 2 respectively correspond to the absolute loss
and the least square loss.

e Case ¢ = 1 : Due to the lack of strong convexity of the loss function, the
absolute loss setting differs completely from what occurs for ¢ > 1 and
appears to be similar to the classification and hinge losses settings. Indeed
computations lead to ¢, ,,(p) = [p A (1 — p)]ly2a — y1| and ¢} , = 0 on
[0;1] — {1/2}. Then (8.6) and (8.5) lead to

di = Em-m){\hz = ml[lp+ = 3 A lp- = 3] 1<p+—%><p_—%><o}-

(8.27)
e Case q > 1 : Tedious computations put in Appendix A lead to: for any
p € [0;1],
) — (] — ly2—y1]9 —
Gyry2(p) = (1 —p) e (8.28)
and . ‘ ‘
_ = y2—y1|?
) = —5p(1 —p)] == +(2 _pl)q%]qﬂ (8.29)

To obtain a lower bound of dj, as for the entropy loss, one has to compute ¢
satisfying (8.9) and to use (8.10).
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e Special case ¢ = 2 : For the least square setting, the formulae simplify into
/!

Gy () = (1= p)ly2 — 1 [* and ¢y, (p) = —2|y2 — 1|*. Then the edge
discrepancy d; can be written explicitly as

di = 1 e120) { (01 — p-)*(ha — n)?}. (8.30)

8.4.2 Various learning lower bounds

Here we give learning lower bounds matching up to multiplicative constants the
upper bounds developed in the previous sections. The logarithm in base 2 is de-
noted by log, and | x| denotes the largest integer & such that k < x.

Entropy loss setting. We consider ) = [0; 1] and ¢(y, ') = K(y, ') (see p.32).
We have seen in Section 4 that there exists an estimator g such that

ER(g) — min R(g) < leld| (8.31)

The following consequency of (8.19) shows that this result is tight.

Theorem 8.9. For any training set size n € N*, positive integer d and input
space X containing at least |1og,(2d) | points, there exists a set G of d prediction
functions such that: for any estimator § there exists a probability distribution on
the data space X x [0; 1] for which

o - [log; |9l
ER(9) — min R(g) > e~ (log 2) (1 A =57)

Proof. We use a (1, == A =+, 1)-hypercube with i = [log, |G|] = Ll‘ffg'g'J,

hi1 = 0 and hy, = 1. From (8.4), (8.6) and (8.26), we have
di = ¥1001(1/2) = ¢0.1(1/2) = H(1/2) = log 2.
From (8.19), we obtain

ER(g) - min R(g) = (W37 A1) (082) (1~ 75 A )

Then the result follows from [1 — 1/(n + 1)]" N\, e L. O

Remark 8.6. For |G| < 2"*2, the lower bound matches the upper bound (8.31) up
to the multiplicative factor e ~ 2.718 . For |G| > 2""2, the size of the model is
too large and, without any extra assumption, no estimator can learn from the data.
To prove the result, we consider distributions for which the output is deterministic
when knowing the input. So the lower bound does not come from noisy situations
but from situations in which different prediction functions are not separated by the
data to the extent that no input data falls into the (small) subset on which they are
different.
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L ,-regression with bounded outputs. We consider Y = [—B; B|and ((y,y') =
ly — /|7 (see p.34). The following two theorems are roughly summed up in Fig-
ure 3 that represents the optimal convergence rate for L, -regression.

12r

0 12

Figure 3: Influence of the convexity of the loss on the optimal convergence rate.
Let ¢ > 0. We consider L,-losses with ¢ = 1 + c(long)u for u > 0. For such
values of ¢, the optimal convergence rate of the associated learning task is of order
(bgTw')U with 1/2 < v < 1. This figure represents the value of u in abscissa and
the value of v in ordinate. The value u = 0 corresponds to constant ¢ greater than
1. For these g, the optimal convergence rate is of order n~! while for ¢ = 1 or
“very close” to 1, the convergence rate is of order n~'/2.

o Casel < g <1+ \/% A 1: From (6.5), there exists an estimator ¢
such that

ER(§) — min R(g) < 2°% Ba /'ldl (8.32)

geg - n

The following corollary of Theorem 8.7 shows that this result is tight.

Theorem 8.10. Let B > 0 and d € N*. For any training set size n € N*
and any input space X containing at least |log, d| points, there exists a
set G of d prediction functions such that: for any estimator g there exists a
probability distribution on the data space X x [—B; B] for which

ER(3) — min R(g) > { B LEELif |G] < 2t

9€9 2¢,B4 otherwise
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where
1/4 if ¢q=1
Cq =

¢/40 if 1<q<14 /g

Proof. See Section 10.12. [
Case q > 1+ 4/ % A1 : We have seen in Section 4 that there exists
an estimator g such that
ER(9) — min R(g) < 577 (log 2) 2221 (8.33)
ge

The following corollary of Theorem 8.7 shows that this result is tight.

Theorem 8.11. Let B > 0 and d € N*. For any training set size n € N* and
input space X containing at least |log,(2d) | points, there exists a set G of d
prediction functions such that: for any estimator g there exists a probability
distribution on the data space X x [—B; B] for which

ER(g) — min R(g) > (

i ve)po(Lesldll p p).

_q
90(g—1)

Proof. See Section 10.12. [

Remark 8.7. For least square regression (i.e. q=2), Remark 8.6 [p.35] holds
provided that the multiplicative factor becomes 2¢e log 2 ~ 3.77. More gen-
erally, the method used here gives close to optimal constants but not the
exact ones. We believe that this limit is due to the use of the hypercube
structure. Indeed, the reader may check that for hypercubes of distribu-
tions, the upper bounds used in this section are not constant-optimal since
the simplifying step consisting in using min e - - - < Mingeg . . . is loose.

The reader may check that there are essentially two classes of bounded losses:

the ones which are not convex or not enough convex (typical examples are the
classification loss, the hinge loss and the absolute loss) and the ones which are
sufficiently convex (typical examples are the least square loss, the entropy loss,
the logit loss and the exponential loss). For the first class of losses, the edge
discrepancy of type I is proportional to /dy for constant and symmetrical hy-
percubes and (8.17) leads to a convergence rate of /(log |G|)/n. For the second
class, the convergence rate is (log |G|) /n and the lower bound can be explained by
the fact that, when two prediction functions are different on a set with low prob-
ability (typically n~ '), it often happens that the training data has no input points
in this set. For such training data, it is impossible to consistently choose the right
prediction function.
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L,-regression for unbounded outputs having finite moments.

e Case q=1: From (7.1), when sup g ,c v|g9(x)| < b for some b > 0, there

exists an estimator for which ER(§) — mingeg R(g) < 2by/(2log|G|)/n.
This means that even when the data are unbounded, +/(log |G|)/n is the
minimax optimal convergence rate.

e Case q > 1 : First let us recall the upper bound. In Corollary 7.4, under the
assumptions

SUP, g rex|g(z)| <0 for some b > 0
ElY|*<A for some s > gand A > 0

g finite
we have proposed an algorithm satisfying
. : O (leeldly =5 when ¢ < 5 < 2¢ — 2
R(§) — min R(g) < (lon|g)1q 1=5=29 )
9€9 C(=&2) =+ when s > 2¢ — 2

for a quantity C' which depends only on b, A, ¢ and s.

The following corollary of Theorem 8.7 shows that this result is tight and is
illustrated by Figure 4.

Theorem 8.12. Letd € N*, s > g > 1,b > 0 and A > 0. For any training
set size n € N* and input space X containing at least |log,(2d)] points,
there exists a set G of d prediction functions uniformly bounded by b such
that: for any estimator § there exists a probability distribution on the data
space X x R for which E|Y |* < A and

g—1

i ey > | 5 AY
ER(Q) — rgnelg R(g) > { C(M A 1)1—$

for a quantity C which depends only on the real numbers b, A, q and s.

Both inequalities simultaneously hold but the first one is tight for ¢ < s <
2q — 2 while the second one is tight for s > 2q — 2. They are both based on
(8.17) applied to a |log, |G| |-dimensional hypercubes.

Contrary to other lower bounds obtained in this work, the first inequality
is based on asymmetrical hypercubes. The use of this kind of hypercubes
can be partially explained by the fact that the learning task is asymmetri-
cal. Indeed all values of the output space do not have the same status since
predictions are constrained to be in [—b; b] while outputs are allowed to be
in the whole real space (see the constraints on the hypercube in the proof
given in Section 10.13).
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Figure 4: Optimal convergence rates in L-regression when the output has a finite
moment of order s (see Theorem 8.12). The convergence rate is of order (log—ﬂ)v
with 0 < v < 1. The figure represents the value of s in abscissa and the value
of v in ordinate. Two cases have to be distinguished. For 1 < ¢ < 2 (figure on
the left), v depends smoothly on ¢. For ¢ > 2 (figure on the right), two stages are
observed depending whether s is larger than 2q — 2.

8.4.3 Numerical comparison of the lower bounds (8.17), (8.18) and (8.20)

To compare (8.17), (8.18) and (8.20), we will compare their asymptotical version,
i.e. (8.22), (8.23) and (8.24). Since the differentiability assumption does not hold
in this setting, we only compare (8.17) and (8.18).

Classification in VC classes. We consider |Y| = 2 and {(y,v’) = 1,,. Since
the differentiability assumption does not hold in this setting, we only compare
(8.17) and (8.18).

Theorem 8.13. Let P be the set of all probability distributions on the data space Z.
Let (Gp)nen be a family of prediction function spaces of VC-dimension V,, > 2
satisfying n/V, = +o00. For any algorithm §:

o _ R . oy from (8.22)
bV gl o) = 3 ROV { G JOGE

ap = max Yel=vVize™) 21_87‘1) ~ 0.135

; a>0
with g = m>ax JE f+°° e /24t ~ 0.170
a>0 2 Ja

In particular for a given set G of finite VC-dimension V', for n sufficiently large,
any estimator g satisfies

ISDug{ER(Q) —infyeg R(9)} > $1/V/n.
S
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Proof. Tt suffices to apply Corollary 8.8 to (V,,, 1/V},, aV,,/n)-hypercubes, use that
dy = +/dy/2 and choose the real number a > 0 to maximize the lower bound. [J

The two inequalities, coming from (8.22) and (8.23), simultaneously hold.
They only differ by a multiplicative constant.

Least square regression with unbounded outputs satisfying EY? < A for
some A > 0. We consider the context of Corollary 7.3 with s = 2. The best

explicit constant in (7.4) is obtained from (7.3) for A = w/gbzl%lﬂn A (80%)71.
When log |G| < An/(8b%), we get

R(3) — min R(g) < v32bv/A, /58

geg n

Now let us give the associated lower bounds coming from (8.22), (8.23) and
(8.24).

Theorem 8.14. Let X be an infinite input space. Let A > 0 and P be the set
of probability distributions on X x R such that EY? < A. There exists a family
of prediction function spaces (G, )nen such that any prediction function in these
sets is uniformly bounded by b, their sizes at most grows subexponentially, i.e.
n/log |G, | goes to infinity when n goes to infinity, and for any algorithm §

G bVA from (8.22)
liminf /e sup{Ezn R(gzp) —min R(g)} > ¢ BobVA from (8.23)
e pep ! By bV/A from (8.24)

with
B = (log2) ' max,so+a(l — 1 —e®) ~ 0.3897
By = (log2) ' max,-g \/2;“ [7°7e=/2dt ~ 0.4904
Bs = (log2) ' maxesov/a(l+ e/ — 1e39/2) ~ 0.5154
Proof. See Section 10.14. [

The three inequalities, coming from (8.22), (8.23) and (8.24), only differ by
a multiplicative constant. The one coming from (8.24) gives the tightest result.
The difference between the upper bound and this lower bound is a multiplicative
factor smaller than 11.

Remark 8.8. In this section, we have only considered constant hypercubes. The
use of non-constant hypercubes can be required when smoothness assumptions
are put on the regression function 7 : = +— P(Y = 1|X = z). This is typically the
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case in works on plug-in classifiers. For instance, the proof of [7, Theorems 3.5
and 4.1] relies on non-constant symmetrical hypercubes for which the function &
(see Definition 8.2) is chosen such that it vanishes on the border of the partition
cells, which ensures the regularity of the regression function 7.

9 Conclusion and open problems

This work has developed minimax optimal risk bounds for the general learning
task consisting in predicting as well as the best function in a reference set. It has
proposed to summarize this learning problem by the variance function of the key
condition (3.1). The generic algorithm based on this variance function leads to
optimal convergence rates in the model selection aggregation problem, and our
analysis gives a nice unified view to results coming from different communities.

Besides without any extra assumption on the learning task, we have obtained a
Bernstein’s type bound which has no known equivalent form when the loss func-
tion is not assumed to be bounded. When the loss function is bounded, the use of
Hoeffding’s inequality w.r.t. Gibbs distributions on the prediction function space
instead of the distribution generating the data leads to an improvement by a factor
2 of the standard-style risk bound.

To prove that our bounds are minimax optimal, we have refined Assouad’s
lemma particularly by taking into account the properties of the loss function. We
have also illustrated our upper and lower bounds by studying the influence of the
noise of the output and of the convexity of the loss function.

Finally this work has the following limits. Our results concern expected risks
and it is an open problem to provide corresponding tight exponential inequalities.
Besides we should emphasize that our expected risk upper bounds hold only for
our algorithm. This is quite different from the classical point of view that simulta-
neously gives upper bounds on the risk of any prediction function in the model. To
our current knowledge, this classical approach has a flexibility that is not recov-
ered in our approach. For instance, in several learning tasks, Dudley’s chaining
trick [29] is the only way to prove risk convergence with the optimal rate. So a
natural question and another open problem is whether it is possible to combine
the better variance control presented here with the chaining argument (or other
localization argument used while exponential inequalities are available).
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10 Proofs

10.1 Proof of Theorem 4.4

First, by a scaling argument, it suffices to prove the result for a = 0 and b = 1.
For ) = [0; 1], we modify the proof in Appendix A of [33]. Precisely, claims 1
and 2, with the notation used there, become:

1. If the function f is concave in a([p; q]) then we have A;(q) < By(p),
2. If ¢ > R(z,p, q) for any z €|p; ¢|, then the function f is concave in «([p; q]).

Up to the missing « (typo), the difference is that we restrict ourselves to values
of z in [p; ¢]. The proof of Claim 2 has no new argument. For claim 1, it suffices
to modify the definition of z;; into x}; = ¢ A G~ '[{(p, ;)] € [p;q]. Then we
have L(p,x},;) < L(p,x.,) and L(q,m“) < L(p,x+;), hence afxy;) > afx,)
and 7y(r};) > v(7::). Now one can prove that f is decreasing on a([p; q). By
using Jensen’s inequality, we get

Av(q) —clog D71y vy (e0)
—clog 22;1 Ut,i’V(x:t,i)
—clog 22;1 'Ut,if[@(x;,i)]
—Clogf[zZ L veia(y )]
—clog f[ i—1 Ut za(mt,i)}

Llg. G (A (p)]

The end of the proof of claim 1 is then identical.

IR AVAN AVARN | I AVARN

10.2 Proof of Corollary 5.1

We start by proving that condition (3.1) holds with §, = 0, and that we may take
7t(p) be the Dirac distribution at the function E ., ¢g. By using Jensen’s inequality
and Fubini’s theorem, Assumption (5.1) implies that

S AMLZ)-L(Zg)]

Ez-p logE,., A EZEy~, 9)=L(Z9)]
A[L(Z’]Eg,fvp g,)_L(Z7g)]

]Eg/,\,;r(p) EZNP log ng

log Eng EZNP e
log ngp ¢(Eg’~p 9,7 g)
log w(Eg/Np g/’ Ingvp g)
0,

[ IAIAIA

so that we can apply Theorem 3.1. It remains to note that in this context our
generic algorithm is the one described in the corollary.

42



10.3 Proof of Theorem 6.1

To check that condition (3.1) holds, it suffices to prove that for any z € Z
E, ., logE,., Mo -Leal-5 L) -LE0 < g, (10.1)

To shorten formulae, let a(g', g) £ M[L(z, ¢') — L(z, g)]. By Jensen’s inequality
and the following symmetrization trick, (10.1) holds.

1?9
Egnp Egrp () : 2.4/ o) %(d"9)
1 lg)—2Hgd 1 —a(g'.g)—*—5*
< 4Egnp By 980 L 1By B, o709 (10.2)
_a%(d9)
<Ey,E,., cosh (a(g, g’))e 2
<1

where in the last inequality we used the inequality cosh(t) < et’/2 for any t € R.
The result then follows from Theorem 1.

10.4 Proof of Corollary 6.2

To shorten the following formula, let 1 denote the law of the prediction function
produced by our generic algorithm (w.r.t. simultaneously the training set and the
randomizing procedure). Then (6.1) can be written as: for any p € M,

Egnp R(9) < Bgep R(9) + 5By By V(9,9) + 3027 (10.3)

Define R(g) = R(g) — R(j) for any g € G. Under the generalized Mammen and
Tsybakov’s assumption, for any ¢, ¢’ € G, we have

sV(9,9) < Ezep {[L(Z,9) = L(Z, )} + Ezep {[L(Z,¢) — L(Z,9)]°}
< cR(g) +cR(d),
so that (10.3) leads to
Egp [R(9) — AR (9)] < Byop [R(9) + AR (9)] + 5025 (10.4)

This gives the first assertion. For the second statement, let u 2 E,..,, R(g') and
x(u) £ u — c\u”. By Jensen’s inequality, the Lh.s. of (10.4) is lower bounded by

1
X (u). By straightforward computations, for any 0 < § < 1, when u > (%) =,
X(u) is lower bounded by Su, which implies the desired result.
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10.5 Proof of Theorem 6.3

Let us prove (6.3). Let r(g) denote the empirical risk of g € G, that is r(g) =
E"T@. Let p € M be some fixed distribution on G. From [4, Section 8.1], with
probability at least 1 — e w.r.t. the training set distribution, for any © € M, we
have

EQ’N# R(g/) - Eng R(Q)

m)+log(e~ 1
< By 7(9') = Egup 7(9) + Ap(AB)Eqginyy Egoyy V(g, ') + Hlmitlosl)

K(p,m)

o, We have

Since the Gibbs distribution 7_,y,, minimizes y — Eg, ., 7(¢') +

EQ’NW—,\En R(g/) .
K(p,m)+log(e™
< Eyep R(9) + Xo(AB)Egn_yy, Egop Vg, g') + Hlomitlosle ),

Then we apply the following inequality
EW <E(WVO0) = ["P(W > u)du= [ e 'P(W > log(e™"))de
to the random variable

W =An []Eg/NLAEn R(¢') —E,4, R(9)
_A¢(AB)E9’NF_AEn ngp V(.Q? g/)] - K(IO7 7T)

We get EWW < 1. At last we may choose the distribution p minimizing the upper
bound to obtain (6.3). Similarly using [4, Section 8.3], we may prove (6.2).

10.6 Proof of Lemma 6.5

It suffices to apply the following adaptation of Lemma 5 of [47] to

Lemma 10.1. Let ¢ still denote the positive convex increasing function defined as
o(t) = % Let b be a real number. Fori=1,...,n+1,let& : Z' — Rbea
function uniformly upper bounded by b. For any nn > 0, ¢ > 0, with probability at
least 1 — € w.r.t. the distribution of Z1, . .., Z, 11, we have

Z?:Jrll i(Zlv BRI Zl) < Z?:Jrll Ezzfi(zlﬁ SR Zl)

+n(nb) it B 2(Za, -, Zi) + 2,

(10.5)

where £z, denotes the expectation w.r.t. the distribution of Z; only.

Remark 10.1. The same type of bounds without variance control can be found
in [22].
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Proof. Forany i € {0,...,n + 1}, define
Vi =i(Zy,. .., Z;) = 2321 & — 2321 Ez;& — ne(nb) Z;=1 Ezjsz-

where &; is the short version of {;(Z,...,Z;). Forany i € {0,...,n}, we triv-
ially have

Vi1 — U = &1 — Bz, &1 — U@(Ub)EZiH i2+1‘ (10.6)

Now for any b € R, > 0 and any random variable I/ such that W < b a.s., we
have
Een(W-EW-nomb)EW?) < 1 (10.7)

Remark 10.2. The proof of (10.7) is standard and can be found e.g. in [3, Sec-
tion 7.1.1]. We use (10.7) instead of the inequality used to prove Lemma 5 of [47],
i.e. EenlW-EW—nemt)E(W-EW)’] < | for I/ — EW < V since we are interested in
excess risk bounds. Precisely, we will take W of the form W = L(Z, g)—L(Z, ¢')
for fixed functions g and g'. Then we have W < sup, , L —inf, ; L while we only
have W —EW < 2(sup, , L—inf,, L). Besides the gain of having E(W —EW)?
instead of EWW? is useless in the applications we develop here.
By combining (10.7) and (10.6), we obtain

Ezieﬂ(wiﬂ—@bi) < 1. (10.8)

By using Markov’s inequality, we upper bound the following probability w.r.t. the
distribution of Z1, ..., Z,,11:

]P’( Z?:Jql i > Z?;l Ez.& + ne(nd) Z?:ll Ez& + bg(;_l))
- pgnwnﬂ > log(e™!))

= P(ee¥ntt > 1)
S 6Eeﬁ¢n+l
< ey, (eﬂ(wlfwo)EZQ ( e eNWn=tn-1)g , Heﬁ(d}nﬂ*wn)))
<e
where the last inequality follows from recursive use of (10.8). [

10.7 Proof of Theorem 7.1

The first inequality follows from Jensen’s inequality. Let us prove the second.
According to Theorem 3.1, it suffices to check that condition (3.1) holds for 0 <
A < X, 7(p) the Dirac distribution at E ., g and

. _ M2 A2
ol(z,9), 9.9 = 0:(y) = min [CA(y) + (e (y)]1|y\>B
AA2 -
= 2201 <tis + [AW) = & 1aa@z1y>5-
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e Forany z = (z,y) € Z such that |y| < B, for any probability distribution
p and for the above values of A and 9, by Jensen’s inequality, we have

eA[L(ZJEg/Np gl)iL(ng)ié)\ (Z7gagl)]

— AL(zEy ., g’)]Eng e~ Mly:9(2)]

E

g~p
, A Ao
< MAEEy ) 9) Egmp e%of[y,g(w)g
< MWEy ., 9 (@) =My Egnp g(2)]
=1,

where the last inequality comes from the concavity of ¢/ — e~ *0/W¥)_ This
concavity argument goes back to [34, Section 4], and was also used in [17]
and in some of the examples given in [32].

e For any z = (x,y) € Z such that |[y| > B, forany 0 < ¢ < 1, by
using twice Jensen’s inequality and then by using the symmetrization trick
presented in Section 6, we have

Eyep AML(ZEy L, )= L(2,9)=0x(2,9:9")]
- e—éx(y)Eng AL(ZEy ., 9)—L(2,9)]
< e MWE,, By L(2,9")—L(2,9)]

S 6_6’\(y)Eng E eA[L(z,g')—L(z,g)]

g'~p
— eiék(y)Eng Eg’wp 6)‘(1_C)[L(zvg/)_L(ng)]_%)‘2(1_<)2[L(Z7g,)_L(ng)}2
X ekC[L(Z,g/)—L(ng)H%)\Q(1—4)2[L(Zﬁg')—L(Z,g)]Q}
< eHWE, E,., {eA(H)[L(z,g')fL(z,g)]f%AQ<1f<>2{L<z,g'>fL(z,g>12

y eA<A(y)+éA2<1—<>2A2(y>}
< e AW+ N (1-0)?A%(y)
Taking ¢ € [0; 1] minimizing the last r.h.s., we obtain that

E ML(zEgr < 9') = L(2.9)=0x(2.9:9")] < 1

g~p €

From the two previous computations, we obtain that for any z € Z,

logEg, MLz Ey 1, 9')—L(2,9)=0x(2,9,9")] <0

Y

so that condition (3.1) holds for the above values of A, 7(p) and J,, and the result
follows from Theorem 3.1.
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10.8 Proof of Corollary 7.4

To apply Theorem 7.1, we will first determine )\ for which the function ( : ¢/ —
e~ lv=v1" is concave. For any given y € [—B; B], for any ¢ > 1, straightforward
computations give

¢"(y') = [Moaly’ =yl = (@ = )] dogly’ —y|*2e ol

for ' # y, hence (" < 0 on [—b;b] — {y} for Ny = W Now since the
derivative (' is defined at the point y, we conclude that the function ( is concave
n [—b; b], so that we may use Theorem 7.1 with \g = ﬁ.
Contrary to the least square setting, we do not have a simple close formula for
A(y), but for any |y| > b we have

2bq(ly| — 0)17! < A(y) < 2bg(|y| +b)**

As a consequence, when |y| > b+ (2bg\)"Y/(@~D we have AA(y) > 1 and
A(y)—1/(2)) can be upper bounded with C’|y|?~!, where the quantity C’ depends
only on b and q.

For other values of |y|, i.e. when b < |y| < b+ (2bg\)~"/(¢~) we have

)\A2( 1

)1AA<y><1 w8+ [AW) = 5x] haw>ty-»

. (1—4)%2@]
- 01%1521 [CA(y) + 2 1|y|>B

< %)\A2(y)1‘y|>3
< 2>\62q2(|y| + b)Qq_21|y|>B
< C"Nyl* 1155,

where C” depends only on b and q.
Therefore, from (7.2), for any 0 < b < B and A > 0 satisfying A <

B+b)q’
the expected risk is upper bounded by
: K(p,m) _
gréa {]EQNP R(-Q) + /\(np+1)} + ]E{O,|Y|q l1|Y|Zb+(2bq)\)_l/(q_1)§|Y|>B} (109)

FE{C"NY 151y < 2bgr)-1/-D) |-

Let us take B = (‘fq_—;)l/ Y — b with X\ small enough to ensure that b < B <

b+ (2bg\)~1/(@=1)_ This means that A should be taken smaller than some positive
constant depending only on b and ¢. Then (10.9) can be written as

. K T _
peM {]EM R(g) + A(ifll))} +B{C YV 54 gay-1/a-0 }
+E{CH)‘|Y|2q_21(‘Iq;;)1/q7b<\Y\<b+(2bq/\)—1/(q—1> I
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Now using (7.5), we can upper bound (10.9) with

min R(g) + loifl +CA

s+1—q s—2q+2 2—2q+s
G =1 4+ CA (A a 15>2q 2+ AT s<2q—2>
ge

where C' depends only on b, A, ¢ and s. So we get

EZ”H+1 Zz OR( g2y, g)

< Hlelél R(g) + 1i>042
g
. s+1—gq s— q+2
< min R(g) + h)f—fl +COXN T 1900+ CA 1s>94-2,
g

1
minimum of the r.h.s. (which implies that A goes to 0 when n/log |G| goes to

infinity), we obtain the desired result.

since Squi_q > S_Z” is equivalent to s > 2¢ — 2. By taking \ of order of the

10.9 Proof of Lemma 8.2
Let A, = fl(to) — f](t;). We have

fla) —af( )— (1 —a)f(0)
— f(0) = af(1) = f(0)]

/f du—a/f

/ /f” Ydt+ > Ag)du

L:tp€]0;ul

/ /f” Hdt+ > Ag)du

£: t/E]O u[

= / (10<t<u<a - a10<t<u<1)f//(t)dtdu
(0;1]2
+ Z a —t)lyca — a1 —t0)] Ay
L:tp€]0;1]

Ko () f"( dt—ZKte

[0;1] €01

10.10 Proof of Theorem 8.6

The symbols o7, ..., 0, still denote the coordinates of & € {—;+}™. For any
r € {—;0;+}, define 5;, £ (01,...,04_1,7,0;11,--.,0.,) as the vector de-
duced from o by fixing its j-th coordinate to r. Since 0, and 7;_ belong to
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{—;+}™, we have already defined Ps, . and P;, . We define the distribution
Ps,,as Py, ((dX) = p(dX) and

1-P,

7,0

(¥ = ha(X)]X) |
= ng’O(Y = h(X)|X) = { 3 forany X € &;

P;(Y = hy(X)|X) otherwise

The distribution P, , differs from P only by the conditional law of the output
knowing that the input is in X;. We recall that P®" denotes the n-fold product of
a distribution P. For any r € {—; +}, introduce the likelihood ratios for the data
7t = (21, Zy):

®Xn

pen .
7T7"7]'<Z?> = Pf?g‘;bo (Zl) = Hi:l [1 + r]-XiGXj (21Yi=h1(Xi) - 1)€(Xz)]

Note that this quantity is independent from the value of &. In the following, to
shorten the notation, we will sometimes use h; for hy(X), he for hy(X), py for
p+(X), p— for p_(X). Let v be the uniform distribution on {—, +},i.e. v({+}) =
1/2=1-v({-}). In the following, E, denotes the expectation when & is drawn
according to the m-fold product distribution of v, and Ex = Ex.,. We have

E §) — min, R
iﬁ?){Z?Np@n R(g) — ming (g)}

> swp {Bprgn Bz, (1Y, 5(X)] = min, Bz, (Y, 9(X)]}

ge{—+}m
= fup} {]EZ{LNP(‘,TX’" EXNP;,(dX) |:EY~Pa(dY\X) K[Ya @(X)]

ge1—+m

“min Ey.p, o, ]}
nygal} Y ~P5(dY | X) ( Z/)

= sup {Eszpgn Ex [Z;'n:o 1Xe/’\fj

ge{—+}m _

% (Ppe, mnald(X)] = nalpe]) | §

>

EﬁEZ{ng@" Ex [ZTzl Lxex,

X <<Ppaj,h1,h2 [9(X)] = Oni o [paj]>:
= ZT:IEX{]'XGX]'EFTEZ?NP?}% [%;;(Z?)
X (SOpUj,hl,hg [9(X)] = Pny g [paj]>: }

m
= Z]:l EX{lXGXjEUl,...,Uj_1,0j+1 ,,,,, ngZ{LNP(?;nO

B, T3 (Z2) (90, il (X)) = Omunalpe]) }

(10.10)
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The two inequalities in (10.10) are Assouad’s argument ([2]). For any z € X,
introduce

Ya(u) = 3(u + 1)y, @)p_ (@) b (@) hae) (757 ) -
Introduce

oy 7+,5(Z7)
aj<Zl) - 7r+,j(Z“f)]+7rﬁj(Zf)'

The last expectation in (10.10) is
B 7o (Z0) (2000001001200 [(X)] = O 3 0200) (X))
= g [m(27) + 7 5(27)]
x{ @5(Z0)6p a9 OO) + [1 = 05 (Z2) ) ()
0 (Z0) O na(p) = [1 = 03 (Z0))0nnap-) |
= 4[mra(20) + 7oy (20)]

_a]( )¢h1 h2

Pay (20 )p1+1—a; (27)]p— b 2|9 (X)]

pe) = (1= a5(Z]) )6 (p-) }

3 [ (Z1) + 75 (Z0)] Dnuhs (@ (21 + [1 Oéj(ZI‘)]p—>
—a;(2 mlhg +) = (1= 0y (Z0))ma(p-) }

= ;[W‘Fﬂ(zn) + - ( )}¢P+7Pﬂh1,h2[ ( )]
= J(Zn)¢x <7r“—§1n;)

—~ ~—

v

/\,—/H

(10.11)
so that
E i }
i‘ég{%p@n R(g) — ming R(g)

> S ] LxemBaB g [7-s(2000x (2428 |}
= S Ex{ e B, (PP |

Now since we consider an hypercube, for any j € {1,...,m}, all the terms in
the sum are equal to the first one. Besides from the first part of Lemma 8.5,
the last f-similarity does not depend on &, and in particular for j = 1, the f-
similarity is equal to Sy (P}, P} ), where we recall that P} and P_j denote
the representatives of the hypercube (see Definition 8.2). Therefore we obtain

supy ER(g) —ming R(g) p > mEx{lxex Sy, (Py, PET)
{ [+ -]

e = mExS - (P®” P®”)
X Ixex ¥x \" [+] 77 [+]
= mS

EX®1XeX%®’J1X)(P[®? PE?)
Sy(PE A)

where the second to last equality comes from the second part of Lemma 8.5.
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10.11 Proof of Theorem 8.7

First, when the hypercube satisfies p, = 1 = 1 — p_, from the definition of d;
given in (8.6), we have S; (P?i?, Pfg?) = mwdy(1 — w)™ so that Theorem 8.6
implies (8.19).

Inequalities (8.17), (8.18) and (8.20) are deduced from Theorem 8.6 by lower
bounding the ¢-similarity in different ways.

Since u — u A 1 and v — —~ are non-negative concave functions defined on

ut1
R, we may define the similarities

SA(P,Q) £ [ (gA1)dQ = [ (dP A dQ)
W2 [ Gradl= [ wa

where the second equality of both formulas introduces a formal (but intuitive)
notation.

From Theorem 8.6, Lemma 8.3 and item 1 of Lemma 8.5, by using vfz(l) =
mawdy, we obtain

Corollary 10.2. Let P be a set of probability distributions containing an hyper-
cube of distributions of characteristic function 1 and representatives P_; and
Pr4y. For any estimator g, we have

;ug{ER(g) — mgin R } > muwdiSx (P?i?, P[®]n) (10.12)
S

where the minimum is taken over the space of prediction functions. Besides if for
any x € X the function ¢, (z)n,(x) IS twice differentiable and satisfies for any

t € [p—(2) Ap(2);p—(2) V p+(2)], =B, () po(a) (E) = C for some ¢ > 0, then we
have
sup{ER(§) — min R(g)} > ™%d; S, (PS7, PET);
Peg{ (9) p (9)} ( ESERNE ) (10.13)
The following lemma and (10.12) imply (8.17) and (8.18).
Lemma 10.3. We have

SA(PTPEY) 2 1= /1= [1 —du]™ > 1 — v/nwdy. (10.14)

When the hypercube is symmetrical and constant, for N a centered gaussian ran-
dom variable with variance 1, we have

Su(PE PEy) 2 P(IN] > \fp2d) — aif* (10.15)

Proof. See Section 10.11.1. [
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Remark 10.3. It is interesting to note that (10.15) is asymptotically optimal to the
extent that for a (m, w, dy)-hypercube (see Definition 8.3), we have

Sn (PR PPy - P(|N| > vnwdy)

— 0, (10.16)

nw——+o00,d;;—0

[Proof in Appendix C.]
The following lemma and (10.13) imply (8.20).

Lemma 10.4. When the hypercube is symmetrical and constant, we have

(P pe) = {14 - (= VI dnw]” - 1+ (G - 1)u)"}

Proof. See Section 10.11.2. [

10.11.1 Proof of Lemma 10.3

For 0 € {—,+}, the conditional law of (X,Y’) knowing X € X;, when (X,Y)
follows the law P, is denoted Py, , and is called the restricted representatives
of the hypercube. More explicitly, the probability distribution Py, , is such that

Py, »(dX) = p(dX|X € X)) and for any x € &)
Py, . (Y = hl(x)\x =12) =p,(2) =1— Py (Y = hQ(a;)\X =1).

The following lemma relates the similarity between representatives of the hy-
percube and the similarity between restricted representatives.

Lemma 10.5. Consider a convex function v : R, — R, such that

v(k) < Sa (Pj?lkw Pf?f,)
for any k € {0,... ,n}, where by convention S (Pf?lOJr, Pf?ﬁ_) = 1. For any
estimator §, we have

S (P FER) 2 2(m)
Proof. For any points ug,...,u, in X, let C(ul, . ,un) be the number of w;
belonging to X;. For any k € {0,...,n}, let B, = C~'({k}) denote the subset of
X™ for which exactly k points are in X’;. We recall that there are ( ) possibilities
of taking k elements among n and the probability of X € A&} when X is drawn
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according to p is w = pu(X7). We have
S/\ (P®n P®n)

[+ 77 [-] pen
=[1A (P[;SL U, ... ,un)>dP[_?’(u1, C Up)
P P
= S S, 1A (72 ) - 52 () ) AP () -+ - AP ()
P P n
= Zk 0 (o) Seyexcapns LA (F(un) - 5 (un) JdPE (un, - )
n ny, n— c P P n
= Zuk=0 (k)“ (X7) f()( )k /\(P (ur) - %(u@)d[’[@?l (w1, ..oy ug)
= Yio (Z)MW XS (P, P
> Yo (w1 —w)"*y (k)
= Er(V)
(10.17)
where V' is a Binomial distribution with parameters n and w. By Jensen’s inequal-
ity, we have Ev(V') > ~v[E(V')] = v(nw), which ends the proof. O

The interest of the previous lemma is to provide a lower bound on the similar-
ity between representatives of the hypercube from a lower bound on the similarity
between restricted representatives, restricted representatives being much simpler
to study. The following result lower bounds the A-similarity between the restricted
representatives of the hypercube

Lemma 10.6. For any non-negative integer k, we have

S\(PYF L PYF ) > 1— /1 —[1—dy]* > 1 — Vkdy, (10.18)

When the hypercube is symmetrical and constant, for N a centered gaussian ran-
dom variable with variance 1, we have

Sy(PEE, PR = P(IN] > /i) - ! (10.19)

Proof. First, we recall that F, denotes the base of the hypercube (see Definition
8.2). The conditional law of (X,Y) knowing X € X, when (X,Y") is drawn
from F, is denoted Py, .

Forany r € {—, 0, +}, introduce P, , the probability distribution on the output
space such that P, ,(dY) = Py, ,(dY|X = z). We have

X1,0
k. Pix, kP x,
= ]EX’“ P®k Eyk P®k0\Xk [Hizl PO,XZ- (Y;) AN Hizl PO,XZ- (1/2)
_ k
- ]EXfNP;‘?l’CO SA( ®i:1 P+,Xm ®i=1p—,Xi>7

Rk pok PR\t ( ok P%kf k
S (P/Yl + PXL*) = ]EZ‘ICNP‘X”IC |:P®k (Z ) 56?1;0 (Zl )i|

(10.20)
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where ®%_| P, ., v € {—1;1} denotes the law of the k-tuple (Y7,...,Y;) when
the Y; are independently drawn from P, y,.

To study divergences (or equivalently similarities) between k-fold product dis-
tributions, the standard way is to link the divergence (or similarity) of the product
with the ones of base distributions. This lead to tensorization equalities or in-
equalities. To obtain a tensorization inequality for S,, we introduce the similarity
associated with the square root function (which is non-negative and concave):

S /(P,Q) £ [VdPdQ

and use the following lemmas:

Lemma 10.7. For any probability distributions P and QQ, we have

S\(B,Q) > 1~ ,/1-5%(P,Q).

Proof. Introduce the variational distance V' (IP, Q) as the f-divergence associated
with the convex function f : u — $|u — 1|. From Scheffé’s theorem, we have
SA(P,Q) =1 — V(P,Q) for any distributions P and Q. Introduce the Hellinger
distance H, which is defined as H(P,Q) > 0 and 1 — w =S A(P,Q) for
any probability distributions [P and Q. The variational and Hellinger distances are
known (see e.g. [40, Lemma 2.2]) to be related by

H2(P,Q))2
V(P.Q) < /1 (1 TE)?
hence the result. 0
Lemma 10.8. For any distributions PV, ... P® QW ... Q®, we have

S\/(P(l) Q- PM QN ®...® Q(k))
= 3\/([9(1)7@(1)) X oo X 5\/(1@(16),@(76))

Proof. When it exists, the density of P @ --- @ P®) wrt. Q) @ --- @ Q*)
is the product of the densities of P®) w.r.t. Q®), ¢ = 1,...,k, hence the desired
tensorization equality.

]

From the last two lemmas, we obtain

Sn(( @ Prx, @, Py, ) 21— \/ 1= T1, 8% (Pex Pox,)  (102D)
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From (10.20), (10.21) and Jensen’s inequality, we obtain

k k k
SA (P«%w P/%f) > 1= EXfNPf?l’fo \/1 -1 S\Q/<P+,Xi7 Pf,Xz‘)
>1- \/1 - EXfNP;?l’fO H?:l S\zf(p-hxm P—,Xi)

=1— \/1 — [EXNle,o S\Q/<P+’X’ P’X)]k

k
=1- \/1 — |:E,u,(dX|X€X1)Sff <P+,X7 P—,X>:|

Now we have

Eu(deexl)S?f <P+,X> P—,X>

= Eu(dX\XeAﬁ)<\/p+(X)p—(X) + \/[1 —pr(X)][1 - p_(X)])2

-1 gu(dxmwmxm - (X = V= (Xp-(X))°

So we get

Sn(PEF PYF ) >1— /1= (1 —dy)* > 1—Vkdy, (10.22)

where the second inequality follows from the inequality 1 — 2* < k(1 — z) that
holds for any 0 < x < 1 and k£ > 1. This ends the proof of (10.18).

For (10.19), since we assume that the hypercube is symmetrical and constant,
we can tighten (10.22) for k+/dy; > 1. We have

k

Pgk P
SA(PEE PRE) = PRE (T2 < 1) + PRE (T2 > 1),

PEE PR
(10.23)
. P/\fY o PX, (Y:le:$) __ P ,ac(y) _
Since Px: (2) = PX:(Y:y‘X:x) = 55, forany z = (xz,y) € Z, we have
pgFk E Prx (Y7)
Pglk’Jr (Z{C) = Hi:l Pt;l. (Y7) (10.24)
10— i
= Hk <P+(Xi)>1yi_h1(xi) <l—p+(Xi))1Yi_h2(Xi) .
i=1 \ p_(X;) 1-p—(X;) '
Using that the hypercube is symmetrical and constant, (10.24) leads to
P§1k+ k k ( P+(X5) >1Yih1(Xi>_1Yz‘h2(Xi)
—(Z7) = i T
Pf?lk,_( 1) Hzfl |1:;kp+(Xz) (10_25)
(-2) i=1lyi=hy () ~Lv;=ha(x,)]
1-p4 )
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Without loss of generality, we may assume that p; > 1/2. Then we have p, =

1—p. = %ﬁ. Introduce W; £ ly,—n,(x,) — lyi=ha(x;)- From (10.23) and

(10.25), we obtain
Sn(Pyl 4 PR-)

1,4+

P%kJr(Zz Wi <0)+P®k (ZZ Wi >0)
— PE (XF Wiz 0) + PEE (SR, W > 0)

The law of U £ Zle W; when (X1,Y1), ..., (X,,Y,) are independently drawn
from Py, _ is the binomial distribution of parameter (k;, %@) Let || denote
the largest integer k such that £ < x. We get

Sn (Pl P-)

P(U > k/2) +P(U > k/2)
2P(U > k/2] ) ~ 2B(U = [k/2] )

AV

When k+/dy > 1, this last r.h.s. can be lower bounded by Slud’s theorem [38] for
the first term and by using Stirling’s formula for the second term (see e.g. [27,
Appendix A.8]). It gives

k k 20 k/2] —k(1—/dn) 5
Sh (P/% +7P§17,) > 2P<N > Td“l) 2
> ZIP’(NZ \/W) \[dlll/47

where we recall that /V is a normalized gaussian random variable. Finally we have

S (P®k

X1,+

_ 1/4
Pk ) { 1 \/_d for any k >
Xi,—) =

<|N| > / kdn > \/7d1/4 for any k > \/;

which can be weakened into for any non-negative integer k

SA(PEELPE) = P(IN| > \[E8) - i,

that is (10.19). Il

By computing the second derivative of u — /1 — e % and u foﬁ e~ dt,
we obtain that these functions are concave. So for any a € [0; 1], the functions

r—1—+1—a® 2+ 1—\/axandx»—>IP’<]N| > /7 a) — a'/* are convex.

The convexity of these functions and Lemmas 10.5 and 10.6 imply Lemma 10.3.
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10.11.2 Proof of Lemma 10.4

Let # : u — u/(u + 1) denote the non-negative concave function on which the
similarity S, is defined. For any u > 0, we have

Ou) = f(utl- (U’Zri-ll))

ot 1)

= Yutl+vu—2%2 — 5va);

hence for any probability distributions P and Q,

So(]P)7 Q) = fe(%)dQ 3/2 3/2
> if(dmd@ﬂ/m—zﬁw— %%1/2)
3/2 3/2
= L4l VaPAQ - § [ &L L e

The goal of this bound is to obtain a form for which tensorization equalities hold.
d P3 /2 3 /2

Precisely, let I, £ [ \/dPjdP_j and I, = dPl L= P1 -, where the last
=] P

equality holds since the hypercube is symmetrical. We have

N n 1 1l1n n
S (P EEY) 2 5+ 40 — 115

Since the hypercube is symmetrical and constant, without loss of generality, we

may assume that p, > % on X;. Then we have 1 — p_ = p, = (1 + v/dn)/2,
hence [; = 1 — w + w+/1 — dy and

_ w( A+vVd)/? | (A=Vdn)3/?\ _ 1+d
Lh=1-w+ 5((1—%)% + <1+\/(T3>1/2> 1 —w+wA=s,

which gives the desired result.

v

10.12 Proof of Theorems 8.10 and 8.11
We consider a (1, w, dNH)—hypercube (see Definition 8.3 [p.27]) with
m = I_lOgQ ’gU7

hy = —B and hy = B, and with @ and d~H to be taken in order to (almost)
maximize the bound.

Case ¢ = 1: From (8.27), we have d; = @VLQ — hy| = B+/dj so that,
choosing w = 1/m, (8.17) gives

ISDEE{ER( mmR (9)} > BVdu(l— /ndu/m).

Maximizing the lower bound w.r.t. dy;, we choose dj = % A 1 and obtain the
announced result.
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Casel < g <1+ ,/% Al: From (8.11) and (8.29), forany 0 < € < 1, we
have

4 > ) ) A (1= 0)|6l (M+\/dllt>’dt
> @6(2 €) inf
- 2 4 u€[1 e\/% 1+e d1:| |¢h1 ha {¥ |
> e(2—e) dI ¢HB B (1 6%) ’
— 8
> e(2—e)d % L [I_Z dn}z { (2B)1
201 (Le/) 2 1
> €2- 6dH><4qq_B (1—6\/dn)q 1(1+€\/d1)‘1 1

2—q
(1- 6/2)q3q%”1( — e/dy) i (1 + ey/dy)

Let K = (1 — e\/d_H)q 1(1 + ey/dn ) . From (8.17), taking @ = 1/m, we get

sup {ER(g) —min R(g)} > (1—¢/2)KqB32 (1= /ndu/m)- (10.26)

PcH

This leads us to choose diy = - Aland e = (¢ — 1),/ 2 V % < % and obtain
ER(g) — min, R(g) > LE“K{(%\@) V(- VE)}
Since 1 < ¢ < 2and ev/dy = , we may check that K > 0.29 (to be compared

with lim,; K =e 1 0.37)

Caseqg > 1+ w/ﬁ : Wetake w = nLH A % From (8.4), (8.6) and (8.28), we

getdy =10 -pp(1/2) = ¢_pp(1/2) = BY. From (8.19), we obtain

ER(g) — min R(g)

geg

v

[log, 1G]] ; '
(% A 1)Bq(1 - n-1|-1 A m) (10.27)
- e_qu(M A1) |
D n+1 ’

where the last inequality uses [1 — 1/(n + 1)]" \, e~

Improvement when 1 + ,/ % ANl < q < 2: From (10.26), by choosing
¢ = 1/2 and introducing K’ £ (1 — \/du/2)%(1 + \/du/Q)%, we obtain

sup{ER(§) — min R(g)} > K’ d“( — \/ndy/m).

pPeH 9
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This leads us to choose dy = ‘é—f A 1. Since ,/ﬁ A1l < qg—1, we have \/EH <
2— 1-2

3(g—1), hence K’ > (1—§(q—1))ﬁ(1+§(q—1))?{1. Forany 1 < g < 2, this

last quantity is greater than 0.2. So we have proved that for 1 + 4/ % Nl <qg<?2,

ER(g) — min R(g) >

geg

log, |G
90(571)3“ gn\ Iy (10.28)

Theorem 8.11 follows from (10.27) and (10.28).

10.13 Proof of Theorem 8.12
10.13.1 Proof of the first inequality of Theorem 8.12.

Let m = |log, |G|]. Contrary to other lower bounds obtained in this work, this
learning setting requires asymmetrical hypercubes of distributions. Here we con-
sider a constant m-dimensional hypercube of distributions with edge probability
wsuchthatp, =p,p_ =0, hy = +B and hy = 0, where w, p and B are positive
real parameters to be chosen according to the strategy described at the beginning
of Section 8.4. To have E|Y'|* < A, we need that mwpB* < A. To ensure that a
best prediction function has infinite norm bounded by b, from the computations at
the beginning of Appendix A, we need that

=4 (1—p)t/(a—1)

1/(
p
B S pl/(‘I*l) b

This inequality is in particular satisfied for B = C'p~/(4=1) for appropriate small
constant C' depending on b and ¢q. From the definition of the edge discrepancy
of type II, we have d;; = p. In order to have the r.h.s. of (8.17) of order mwdj,
we want to have nwp < C' < 1. All the previous constraints lead us to take the
parameters w, p and B such that

B = Cp-V/a-D
iipB® = A
nwp = 1/4

Let Q = ™ A 1. Thisleadsto p = CQU™D/5, B = CQ'/* and w =
Crm~1Q'(@=D/s with C' small positive constants depending on b, A, ¢ and s.
Now from the definition of the edge discrepancy of type I and (8.5), we have

e LI

5 1/4 T 0043, /41 |¢8’B(tp)’dt
Cp2pi=i Be

C

v v
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where the last inequality comes from (8.29). From (8.17), we get

sup{ER(9) mm R(g)} > cQ-.
PePp S

10.13.2 Proof of the second inequality of Theorem 8.12.

We still use 7 = |log, |G||. We consider a (172, W, dy)-hypercube with h; = —B
and hy, = +B, where w, cfn and B are positive real parameters to be chosen
according to the strategy described at the beginning of Section 8.4. To have
E|Y]® < A, we need that mwB?* < A. To ensure that a best prediction func-
tion has infinite norm bounded by b, from the computations at the beginning of
Appendix A), we need that

[14(dy) /2] (=) 4 [1—(dyy)?/2]/ (a1
B < i VA = @ 7D O (10.29)

For fixed ¢ and b, this inequality essentially means that B < Cd}l_m since we
intend to take dNH close to 0. In order to have the r.h.s. of (8.17) of order mwdj, we
want to have mbd}l < 1/4 where, once more, this last constant is arbitrarily taken.
The previous constraints lead us to choose

B— Cd}l_1/2
ﬁuIJ~BS =A
nwdn = 1/4

We still use Q = 2 A 1. This leads to dy = CQ¥ 2, B = CQ /(2 and
W = Cm~'Q*/+?) with C small positive constants depending on b, A, ¢ and
s. Now from (8.29), the differentiability assumption is satisfied for ( = C'B? =
CQ~7*?)_ From (8.17) and (8.21), we obtain

sup{ER(9) mm R(g)} > CQ"™
PeP

10.14 Proof of Theorem 8.14

The starting point is similar to the one in Section 10.13.2. Since ¢ = 2, (10.29)
simplifies into B < b(dy)~"/2. We take B = b(dy)~"/? and © = A/(1nB?)
and we optimize the parameter dy in order to maximize the lower bound. From
(8.30), we get mwd; = Adn Introducing a £ nwdH = =5 (dH) , We obtain

mawdy = by/Am/ny/a. The results then follow from Corollary 8.8 and the fact

that the differentiability assumption (8.9) holds for ( = 8 B? = Z—”lll‘.
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A Computations of the second derivative of ¢ for
the L -loss

Let y; and y5 be fixed. We start with the computation of ¢, ,,. For any p € [0; 1],

the quantity ¢, . ., (y) = ply — 1] + (1 — p)|y — y2|? is minimized when y €

[y1 A yoiy1 V ya] and pg(y — y1)" = (1 = p)a(y> — y)". Introducing r = 15
J— T r .« . . . o ' +(1_ )'r

and D = p" + (1 — p)", the minimizer can be written as y = =45 and the

minimum is

—_ rq rq
Gyie(D) = (p% +(1 —p)%—q) ly2 — 11"
= p(l _p)‘yi)_q—gll'qa

where we use the equality rq = 1 + r. We get

i e = Dk +p(1=p) (1 —@)rD[p " — (1 —p)"]
D= {(1=2p)[p"+ (1 —p)"] = (1 —p)p" +p(1 —p)]}

— qu{(l _p)rJrl _ pr+1}’

hence

e P = —er DT = (1= p) (A = p) T - p
—qrD=" ! p" — (1 —p)P?
— _q,r,D—q—lpr—l(l _ p>r—1

pO—p)it
1 i| q+1-

_q
1T L
1 [p‘l*“r(lfp)q*1

B Expected risk bound from Hoeffding’s inequality

Let \' > 0 and p be a probability distribution on G. Let r(g) denote the em-
pirical risk of a prediction function g, that is (g) = L >" | L(Z;,g). Hoeff-
ding’s inequality applied to the random variable W = E ., L(Z,g9) — L(Z,¢') €
[—(b—a);b— a] for a fixed ¢’ gives

Ey.p eW-EW] < con?(b-a)?/2
for any 7 > 0. For n = \’/n, this leads to
IEZ{zeX[R(g')*EQNP R(9)=r(9")+Eg~p 7(9)] < o(V)*(b=a)?/(2n)
Consider the Gibbs distribution p = 7_,.. This distribution satisfies

Eypr(g') + K(p,m) /N < By r(g) + K(p, m) /N
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We have
EznEys R(9") — Egep R(g)

K(p,m)—K(p,m
< Eg{Eges [R(g) ~ Egp Rlg) = r(g)) — Eyr, r(g)] + KoK |
S ié{’;”; + EZIL% log EQ,NW eA:[R(Q:)—Eg~p R(Q)—T(Q:)—]Eswp 7(g)]
< /()/Jr + /\L; log I2E9'N7r EZ{Le)‘ [R(g")—Egnp R(9)—7(9')—Eg~p r(9)]
< K(/\p/ﬂr) + A (Z;;a) .

This proved that for any A > 0, the generalization error of the algorithm which
draws its prediction function according to the Gibbs distribution 7_,yx, /o satisfies

. —a)? T
EzpBynn_ss,. B(9) < gg&l {EQNP R(g) + Q[A(bs o Kg\prl )} }’

where we use the change of variable A = 2)’/n in order to underline the difference
with (6.4).

C Proof of Inequality (10.16)

To prove (10.16), we need to uniformly control the difference between the tail of
the sum of i.i.d. random variables and the gaussian approximate. This is done by
the following result.

Theorem C.1 (Berry[12]-Esseen[30] inequality). Let N be a centered gaussian
variable of variance 1. Let Uy,...,U, be real-valued independent identically
distributed random variables such that EU; = 0, EU? = 1 and E|U; > < +oc.
Then

sup [P(n™'2Y" Ui > z) —P(N > z)| < CnV2E|U; |2 (C.1)

Tz€R
for some universal positive constant C.

To shorten the notation, let P~ = P[@f? and PT = P&? be the n-fold product

of the representatives of the hypercube. Since we have p, > 1/2 > p_ (by
definition of a (m,w, dy)-hypercube (p.27)), the set of sequences Z;' for which
pt n .

P—,(Zl ) <1is

E2 {30 Iy xyxen < Doy Lyimha(x,) X }

Introduce the quantity
S 2 3001 (2Lyviznyxy — 1) xen
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We have

Sa(P*,P7) = 1-P7(E)+P"(E)
= 1-P(S, <0)+P+(S <0) (C.2)
= P(S,>0)+ P (S, > 0).

Introduce
Wi = (21y,2p,(x)) — 1) 1xen,.

From now on, we consider that the pairs Z; = (X;,Y;) are generated by P,
so that EW; and Var W; simply denote the expectation and variance of WW; when
(X;,Y;) is drawn according to Py ; ;. Define the normalized quantity

-----

U; & (W; — EW;) //Var W,

We have
P(S,>0)=P (n V23" U > t,)

where t, £ —, /—2—EW,. By Berry-Esseen’s inequality (Theorem C.1), we get

VarW
|P=(S, > 0) = P(N > t,)| < Cn~2E|U, ? (C.3)
Let us now upper bound n~'/2E|U, |3,

Since we have p, = (1+¢)/2 =1 — p_ for a (m, w, dy)-hypercube (p.27)),
the law of W is described by

P(Wy =1) = wi3®
(W]ZO): —w
P(W,=~-1) = @UH

where w still denotes 1(X;). We get EW; = —wé, VarW; = w(l — wé?) and
since0 <w<land0 < (<1

EW, —EW, P = (1 —w)(wé)®+ w551+ w)® + w1 — wé)?
< w4 w1 + 3(wé)?]
< dw.
(C4)
We obtain

n~V2E|U |2 < n1/2 2 D

[w(l—wé?))3/2 — 7 (1—-£2)3/2 — 0.

nw——+00,§—0

From (C.3), we get that |P~ (S, > 0) — P(N > t,)| converges to zero when nw
goes to infinity and ¢ goes to zero. Now the previous convergence also holds when
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‘>’ is replaced with ">’ (since it suffices to consider the random variables —U; in
Theorem C.1). Using both convergence and (C.2), we obtain

|S\(PH,P7) =P(IN| > t,)] —

nw—-+00,6—0

which is the desired result since ¢,, = — Var”Wl EW; = ./% =,/ 1"_1%‘[1 and

(P(|N| > ,/ﬁw—ujgln) _P(|N| > vmwdy)

Y

— 0.
nw——+00,d;—0
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