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A standard statistical learning task

Classification : a standard learning setting (1/2)

@ Trainingdata Z": Z, = (X;,Y;) i=1,...,n iid.~P
° X;cRY
e Yie{0;1}
e Zc Z=RIx {0;1}

@ Classification function: 7:R? — {0;1}

@ Risk: R(f) = P[Y # f(X)]
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A standard statistical learning task

Classification : a standard learning setting (2/2)

@ Regression function: 17 :R? — [0; 1]

@ Bayes regression function: »* € argmin, E[Y — n(X)]?
7 x—EY|X=x)=P(Y =1X=X)

@ Bayes classifier: f* : x — 1,.(,)>1/2 € argmin;R(f)

@ Model: P = the set of proba on Z in which we assume
that P is

The classification task:

Predict as well as 7*. More formally: find a mapping Z; — f such that
for any P € P, we have

~

EzR(f) < R(f*)+ small term

A way to solve the classification task: the plug-in rules

Find a mapping Z;" — 1 such that 7 is close to n* and use the
mapping Z{" — f = 1;>1,2. (Recall that f* =1,.~>4,2)
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Classification : a standard learning setting (2/2)

@ Regression function: 17 :R? — [0; 1]

@ Bayes regression function: »* € argmin, E[Y — n(X)]?
7 x—EY|X=x)=P(Y =1X=X)

@ Bayes classifier: f* : x — 1,.(,)>1/2 € argmin;R(f)

@ Model: P = the set of proba on Z in which we assume
that P is

The classification task:

Predict as well as 7*. More formally: find a mapping Z; — f such that
for any P € P, we have

~

Ez R(f) < R(f*)+ Cn~7 for some~y >0

A way to solve the classification task: the plug-in rules

Find a mapping Z;" — 1 such that 7 is close to n* and use the
mapping Z{" — f = 1;>1,2. (Recall that f* =1,.~>4,2)
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Complexity and margin assumptions

Specifying the model ... (1/2)

@ ... by the set ¥ of regression functions in which we assume
that the Bayes regression function is.
Assumption (CAR): polynomial entropy of ¥ for some
L,-distance, i.e.

H(e, X, Lp) < Ce”, Ve>0.

@ ... by the set F of classification functions in which we
assume that the Bayes classification function is.
Assumption (CAC): polynomial entropy of F for the
pseudo-distance dp : (fi, &) — P[f(X) # f(X)], i.e.

H(e, F,dp) < Ce™?, Ve>D0.
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Complexity and margin assumptions

Specifying the model ... (2/2)

@ ... by a low noise assumption :

No noise < Y =f*(X) as.
& Vx,n*(x)=P(Y=1X=x)e{0,1}

Margin assumption (MA) : for some o« > 0,
PO < |n*(X)—1/2| < t) < Ct*, Vit>0.

Mammen & Tsybakov (1999), Polonik (1995)
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Complexity and margin assumptions

Known results about assumption (CAR):
H(e, X, Ly) < Ce™”, Ve>0

@ well adapted for the study of plug-in rules, since typically

CAR = smoothness of n*
= good nonparametric estimator 7
= good plug-in rule fPLUGIN = 1., > since
ER(fPLUGIN) — R(f) < 2EI(X) — n*(X)]-

@ Under additional reasonable assumptions:
ER(fPLUCINY _ R(£*) < Cn=1/(2+0) Yang (1999)
@ For smooth functions of parameter 3, p = d/z.

ER(fPLUG-IN) _ R(f*) < Cn—ﬁ/(2ﬁ+d)
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Complexity and margin assumptions

Known results about assumption (CAC): (1/2)
H(e, F,dp) < Ce?, Ve>0

@ (CAC) = smoothness of the decision boundary, i.e. the
boundary of the set {x € R? : f*(x) = 1}

@ well adapted for the study of empirical risk minimizer which
is based on the concentration of the empirical process

Fro r(f) = r(F) = 53004 Vyerx) — 3 2oiet izt (x)-
Precisely, letting fEf"M ¢ argmin,_-r(f), when f* € F, we
have

R(fERMY — R(f*) < R(fERM) — R(f*) + r(f*) — r(fERM)

supser {R(f) = R(F) + r(f*) — r(f)}

ININ
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Complexity and margin assumptions

Known results about assumption (CAC): (2/2)
H(e, F,dp) < Ce?, Ve>0

@ ForO<p<,

ER(f) — R(f*) < Cn~'/2  Tsybakov (2004)
e Forp>1,
ER(f) — R(f*) < cn~1/(1+7)  Tsybakov (2004)

— in both cases, faster than the n—1/(2+7) of (CAR), but no
true connection with (CAR)
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Why assumption (MA) is useful? (1/2)
P(0 < |n*(X)—1/2| < t) < Ct°, Vt>0.
o (MA) = Vf, P[f(X)# f*(X)] < C[R(f) — R(f*)] =

= the variance of the empirical process
n

]
fror(f) = () = = > [vizrx) = Trznon)
i=1
can be bounded in terms of excess risk:
Var[R(f) — R(f*) + r(f*) — r(f)] = Yar [r(f*) — r(f)]
avar (Tyzroo = Tyzro)
E (1 y#(x)—1 Y;éf*(X))
PIF )2 (X))
n

A

CIR()—R(F)] T+e
n

IN
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Complexity and margin assumptions

Why assumption (MA) is useful? (2/2)
P(0 < |n*(X)—1/2| < t) < Ct°, Vit>0.

@ Schematically, for functions f such that r(f) < r(f*) (e.g.
f = fE"M when f* € F), with high probability

R(f) = R(f") < R(f) = R(f*) + r(f") — r(f)
< CV/Var[R(f) — R(f*) + r(f*) — r(f)]

\/[R R(f* 7

hence R(f) — R(f*) < Cn#%.

@ We need a complexity assumption if we want nontrivial results
on the excess risk: precisely, under assumption (CAC), we have

ER(fERM) — R(f*) < Cn™#aies

QA
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Complexity and margin assumptions

Summary

@ Under (CAR): slow rates
ER(fPLUGINY — R(f*) < Cn— with ~, < 1/2

@ Under (CAC): faster slow rates
ER(fERM) — R(f*) < Cn="r  with v, <7, <1/2

@ Under (CAC)+(MA): ER(fER"M) — R(f*) < Cn—Pe» with
N, < Ba,p < 1, and for high enough «, .., > 1/2 (fast rates)

It seems that:
@ plug-in rules have only slow rates

@ rates cannot be faster than n™!
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Complexity and margin assumptions

Summary

@ Under (CAR): slow rates
ER(fPLUEINY — R(f*) < Cn— with ~, < 1/2

@ Under (CAC): faster slow rates
ER(fERM) — R(f*) < Cn="r  with 7, <7, <1/2

@ Under (CAC)+(MA): ER(fERM) — R(f*) < Cn—Pe» with
N, < Ba,p < 1, and for high enough «, 5., > 1/2 (fast rates)

It seems that:
@ plug-in rules have only slow rates FALSE

@ rates cannot be faster than n™! FALSE
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A powerful way to exploit the margin assumption for plug-in rules

A key lemma to exploit (CAR) + (MA)

Up to now, we have used for fPLUGIN = 1., ,

ER(fPVEN) — R(+) < 2E[A(X) — (X))

Lemma 1
Assume that a regression function estimator 7 satisfies for
some sequence (ap): for almost all x w.r.t. Px and any § > 0,
sup P ([i1(x) = " (x)| = 8) < Cyexp ( — Coand?).
PeP
If (MA) holds (for all P € P), we have
1+a

sup{ER(fPLUG-'N) - R(f*)} < Ca, ?
PeP
for some constant C > 0 depending only on «, C; and C..
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A powerful way to exploit the margin assumption for plug-in rules

Proof of the key lemma by a peeling device

Consider the sets A; C RY,j=1,2,...,defined as

Ay & {xeR:0<|n"(x)— 3| <5},
A & {xeRV: 275 < |n*(x) — 3| < 25}, forj > 1.
For any § > 0, we may write
ER() R(f*) = E(‘277*( )_1‘1 ¢f*(x)})

Z/‘OEOE(‘ZU (X) - 1‘1 ¢f*(x)}1{X€A })
26Px (0 < [n*(X) — *\ S 5)
+ 251 E(|277*(X) - 1|1{?(X);£f*(X)}1{X€Aj})'
On the event {7 # f*} we have |n* — 1| < |4 — 1*|, hence
E (120" (X) = 11 300 40+ oy xeay)

< ZH 5E[1{\n X)—n* 00\221—15}1{0<\n*(x)f‘§|g2ia}]
< 26 Ex [P ((X) 0" (X)| = 27'0)1 0y 1 <o)
< G2 5exp (- Coan(2118)%) P (0 < [ (X) - 3| < 205)
< 2C1Co2lH )5 T exp ( — Coan(27'6)?)

IA I

Now taking § = a, '/2 and using once more (MA), we get the desired result.
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A general picture of regression function estimators
Gyorfi, Kohler, Krzyzak and Walk (2004)

@ Algorithms by local averaging: to estimate n*(x) = E(Y|X = x),
you average the Y;’s of the X; close to x

H(x) = XL Wi(x)Y; with 37, Wi(x) = 1
i - W, _ _ K{UIXi=xID i i
e kernel estimators: W;(x) = KX AT with, for instance,

u2
K(u) =e 22 and h> 0.
@ k-nearest neighbors, algorithms by partitioning the
space,.. .

Key tool: concentration of sums of i.i.d. random variables
(typically Hoeffding and Bernstein’s inequalities)

@ Algorithms by minimization of the empirical risk: neural
networks, support vector machines, AdaBoost, ...
Key tool: the concentration of empirical processes
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Locally polynomial estimators

Definition

Definition of locally polynomial estimator

For h> 0, x € RY, for an integer ¢ > 0 and a function
K : R — R, denote by A, a polynomial on R? of degree ¢
which minimizes

n

> %= b6 - K (2. (1)

i=1

The locally polynomial estimator /-7 (x) of order ¢, of the
value n*(x) of the regression function at point x is defined by:

AP (x) £ 6x(0)
if Ay is the unique minimizer of (1) and 7P(x) £ 0 otherwise.
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Locally polynomial estimators

Model A

Let 5 > 0 and L > 0 be given. We consider the class P4 of
probability distributions P such that

@ (MA) is satisfied
@ n* : RY — [0; 1] is 5-times continuously differentiable and
all its partial derivatives of order (3 is bounded by L

@ Py admits a density w.r.t. the Lebesgue measure on [0; 1]¢
bounded away from zero and infinity
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Locally polynomial estimators

Key results for model A (1/2)

A slight modification 7 of the LP estimator satisfies for
1
h=n 24 any § > 0 and almost all x w.r.t. Px:

sup P (|i(x) ~ n"(x)| > 8) < Cr exp ( — Con#ii9?).
PePa

@ LP estimators do not require smoothness assumption on
the density of Py. (Stone 1980)
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Plugged locally polynomial estimators

Key results for model A (2/2)

Corollary of Lemma 1 and Theorem 1

The excess risk of the plug-in classifier fFLUGIN — 1

{A>3}
bandwidth h = n_'é‘ﬁ1W satisfies

sup {ER(fP"UG"N) — H’(f*)} < cn e
PeP,4
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Plugged locally polynomial estimators

Key results for model A (2/2)

Corollary of Lemma 1 and Theorem 1

The excess risk of the plug-in classifier fFLUGIN — 1

{A>3}
bandwidth h = n_'é‘ﬁ1W satisfies

sup {ER(fP"UG"N) — H’(f*)} < cn e
PeP,4

@ af > d/2 = fastrates
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Plugged locally polynomial estimators

Key results for model A (2/2)

Corollary of Lemma 1 and Theorem 1

The excess risk of the plug-in classifier fFLUGIN — 1

{A>3}
bandwidth h = n_'é‘ﬁ1W satisfies

sup {ER(fP"UG"N) — H’(f*)} < cn e
PeP,4

@ af > d/2 = fastrates
@ af > d = super-fast rates
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Plugged locally polynomial estimators

Key results for model A (2/2)

Corollary of Lemma 1 and Theorem 1

The excess risk of the plug-in classifier fFLUGIN — 1

{A>3}
bandwidth h = n_'é‘ﬁ1W satisfies

sup {ER(fP"UG"N) — H’(f*)} < cn e
PeP,4

@ af > d/2 = fast rates
@ af > d = super-fast rates since P4 limited
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Plugged locally polynomial estimators

Key results for model A (2/2)
Corollary of Lemma 1 and Theorem 1

The excess risk of the plug-in classifier fPLUGIN — 14,51, with
Zy

bandwidth h = n_'é‘ﬁ1W satisfies

sup {ER(fP"UG"N) — H’(f*)} < cn e
PeP,4

@ af > d/2 = fast rates
@ af > d = super-fast rates since P4 limited
@ minimax optimal for a5 < d since any classifier f (plug-in
or not) satisfies
B(1+a)

sup {ER(f) — R(f*)} > Cn~ 25+a .
PEPA
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Plugged locally polynomial estimators

Exponential convergence rates under the strong
margin assumption

o (MA) with @ = 00 < Px (0 < |n*(X) —1/2| < t,) = 0.

The plug-in classifier fPLYGIN —1 __, we have
{i>3}

ER(fPYEMN) — R(F) < P(IA(X) — 1*(X)| > o).

Corollary of Lemma 2 and Theorem 1

The excess risk of the plug-in classifier fPLUGIN — 1551, With
=2
appropriate bandwidth h (independent of n) satisfies

sup {ER(fPLUG"N) - R(f*)} < Cy exp(—Can).
PePp
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Conclusion

@ At the level of the statistical learning community
e Plug-in rules can achieve fast rates, super-fast rates and
even exponential rates
@ At the level of the empirical process community

e The statistical learning community is interested in fast rates
e These rates are achievable under a low noise assumption
e Comparison lemmas are very powerful tools
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Conclusion

@ At the level of the statistical learning community
e Plug-in rules can achieve fast rates, super-fast rates and
even exponential rates
@ At the level of the empirical process community

e The statistical learning community is interested in fast rates
e These rates are achievable under a low noise assumption
e Comparison lemmas are very powerful tools

for(f)—r(f) =130 [Ty — Tvizr (x)]
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Conclusion

@ At the level of the statistical learning community

e Plug-in rules can achieve fast rates, super-fast rates and
even exponential rates

@ At the level of the empirical process community

e The statistical learning community is interested in fast rates
e These rates are achievable under a low noise assumption
e Comparison lemmas are very powerful tools

fror(f) = r(f*) = 3 30 [yvizron) — Ty )]
!
ni— DS (Y= (X)) — (Vi — 07 (X))P]
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