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Déblais et Remblais
« Le prix du transport d’une molécule étant, proportionnel à la somme des 
produits des molécules multipliées par l’espace parcouru, il s’ensuit qu’il n’est 
pas indifférent que telle molécule du déblai soit transportée dans tel ou tel 
autre endroit du remblai, mais qu’il y a une certaine distribution à faire des 
molécules du premier dans le second, d’après laquelle la somme de ces 
produits sera la moindre possible, et le prix du transport total sera un 
minimum.

[…]

C’est la solution de cette question que je me propose de donner ici ».

       Gaspard Monge, 1776
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Measure ν on X : source distribution
Measure μ on Y : target distribution

T : transport map s.t T(ν) = μ

Find T that minimizes a certain cost c
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ν : source distribution
μ : target distribution

T : transport map s.t T(ν) = μ

Find T that minimizes a certain cost c

Discrete case : 

ν and μ are sets of Dirac ⇔ point clouds

c is the euclidean distance between a 
point and its target.
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Intro - Problem Formulation

Monge

Problem !

If ν is a dirac and μ is not, there exist no T such that the condition is satisfied ! 



Intro - Problem Formulation

Monge

Γ(μ, ν) denotes the collection of all probability measures on X × Y with marginals μ on X and ν on Y

Kantorovitch

https://en.wikipedia.org/wiki/Conditional_probability


Discrete case : point clouds

Aij = -dist(νi, μj) 



Relaxation : same solution

Formulation :

Proof :  

1. 2n equality constraint are in fact 2n -1 equality constraint
2. Optimum -> n^2 saturated constraints -> 2n - 1 non zero values
3. Pigeonhole principle : there exists a line with at most 1 non zero value
4. By constraints : it’s 1. Remove the line and column and recurse

https://en.wikipedia.org/wiki/Pigeonhole_principle


- Compare two pointclouds : PointSetGen [Fan2016], Atlasnet [Groueix2018], 
...

Dimensions : 3-6 (normals…) 

Number of points : 1000 - 10000

Alternatives : Chamfer Distance

Use Cases 1
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- Reorder a predicted vectors when you want to enforce invariance to 
permutations. (primitive discovery). 

Supervised Fitting of Geometric Primitives to 3D Point Clouds. [Li2018]

Use Cases 2



Use Cases 3: Give a Monte Carlo estimate of the continuous case 
(MNIST)

credits : https://skymind.ai/



Complexity : O(n^3)  [Edmonds and Karp]

Example : credit 
http://www.math.harvard.edu/archive/20_spring_05/handouts/assignment_overhe
ads.pdf

Proof : https://theory.epfl.ch/courses/topicstcs/Lecture52015.pdf page 6

Code : https://gist.github.com/KartikTalwar/3158534

Solver - duality - Hungarian algo (Harold Kuhn 1955)

https://en.wikipedia.org/wiki/Jack_Edmonds
https://en.wikipedia.org/wiki/Richard_Karp
http://www.math.harvard.edu/archive/20_spring_05/handouts/assignment_overheads.pdf
http://www.math.harvard.edu/archive/20_spring_05/handouts/assignment_overheads.pdf
https://theory.epfl.ch/courses/topicstcs/Lecture52015.pdf
https://gist.github.com/KartikTalwar/3158534
































Approximation : Auction algorithm
https://web.eecs.umich.edu/~pettie/matching/Bertsekas-a-new-algorithm-assignm
ent-problem-Mathematical-Programming-1981.pdf [Bertsekas1981]

Among the (numerous) variants of the Hungarian algorithm, this one is nice because it can be 
nicely parallelized

Parallel version 
https://stanford.edu/~rezab/classes/cme323/S16/projects_reports/jin.pdf 

Pytorch Code : (Thanks Stanford!)

https://github.com/fxia22/pointGAN/tree/master/emd 

https://web.eecs.umich.edu/~pettie/matching/Bertsekas-a-new-algorithm-assignment-problem-Mathematical-Programming-1981.pdf
https://web.eecs.umich.edu/~pettie/matching/Bertsekas-a-new-algorithm-assignment-problem-Mathematical-Programming-1981.pdf
https://stanford.edu/~rezab/classes/cme323/S16/projects_reports/jin.pdf
https://github.com/fxia22/pointGAN/tree/master/emd
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Generative Modeling using the Sliced Wasserstein Distance 
[Deshpande2018]

Key idea : project high dimensional data in 1D to get a fast approximation 
(nlog(n)) of EMD

Approximation : Slice Wassertein distance







Almost Linear time Regularizations : Sinkhorn
M. Cuturi. Sinkhorn distances: Lightspeed computation of optimal transport

J. Altschuler, J. Weed, and P. Rigollet. Near-linear time approximation algorithms 
for optimal transport via sinkhorn iteration. 



Wasserstein GAN

credits : https://skymind.ai/



Wasserstein GAN

● Goal of a GAN : learning a data distribution by learning a mapping between a random noise and 
the actual data space.

● Hard to train : 

○ The loss is not a good indicator of the samples quality

○ Instable

○ Subject to mode collapse



Wasserstein GAN

● Goal of a GAN : learning a data distribution by learning a mapping between a random noise and 
the actual data space.

● Hard to train : 

○ The loss is not a good indicator of the samples quality

○ Instable

○ Subject to mode collapse

Major interrogation : To what extent does the generated distribution approaches the real distribution ?



Wasserstein GAN

What notion of distance 
between 2 distributions ?



Wasserstein GAN - parallel lines example

In this case
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Wasserstein GAN

highly intractable

but we can consider Kantorovitch - Rubinstein duality !
https://vincentherrmann.github.io/blog/wasserstein/

What about estimating f with a neural net ?

https://vincentherrmann.github.io/blog/wasserstein/
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highly intractable

but we can consider Kantorovitch - Rubinstein duality !
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Wasserstein GAN
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Gan Discussion
Why not estimate directly EMD in the primal ?

1. Use the discrete case on batch k -> Reach optimal solution of the primal of 
discrete EMD (noisy estimate) on the natural distributions on images

2. Use a discriminator : estimate of the dual of continuous EMD

(2) is better than (1) because of the curse of dimensionality.

(1) Relies on euclidean metric (not great on images) whereas (2) learns it’s 
metric (based on convolutions in the discriminator) as far as the exploration of 
the IPM space is not perfect.
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