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Abstract

In thispapera new rectificationmethodis proposed.The
methodis both simpleand efficient and can deal with all
possiblecamera motions.A minimalimagesizewithoutany
pixel lossis guaranteed.Theonly required informationis
the orientedfundamentalmatrix. The whole rectification
processis carriedout directlyin theimages.Theideacon-
sistsof usinga polar parametrizationof the image around
the epipole. The transferbetweenthe images is obtained
throughthefundamentalmatrix. Theproposedmethodhas
importantadvantagescomparedto thetraditional rectifica-
tion schemes. In somecasestheseapproachesyield very
largeimagesor cannotrectifyat all. Eventherecentlypro-
posedcylindrical rectificationmethodcanencounterprob-
lems in somecases. Theseproblemsare mainly due to
the fact that thematching ambiguityis not reducedto half
epipolar lines. Althoughthis last methodis more complex
thantheoneproposedin thispapertheresultingimagesare
in general larger. Theperformanceof thenew approach is
illustratedwith someresultson real imagepairs.

1. Intr oduction

Thestereomatchingproblemcanbesolvedmuchmore
efficiently if imagesarerectified.Thisstepconsistsof trans-
forming the imagesso that the epipolarlines are aligned
horizontally. In this casestereomatchingalgorithmscan
easilytake advantageof theepipolarconstraintandreduce
thesearchspaceto onedimension(i.e. correspondingrows
of therectifiedimages).

The traditional rectification schemeconsistsof trans-
forming the imageplanesso that the correspondingspace
planesare coinciding [1]. There exist many variantsof
this traditionalapproach(e.g. [1, 5, 13]), it waseven im-
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plementedin hardware[2]. This approachfails whenthe
epipolesarelocatedin the imagessincethis would have to
resultsin infinitely largeimages.Evenwhenthis is not the
casetheimagecanstill becomeverylarge(i.e. if theepipole
is closeto theimage).

A recentapproachby Roy, MeunierandCox[15] avoids
mostof the problemsof existing rectificationapproaches.
This methodproposesto rectify on a cylinder in steadof
a plane. It hastwo important features: it can deal with
epipoleslocatedin theimagesandit doesnotcompressany
partof the image. Themethodis however relatively com-
plex sinceall operationsare performedin 3-dimensional
space.Everyepipolarline is consecutively transformed,ro-
tatedandscaled. Although the methodcanwork without
calibrationit still assumesorientedcameras. This is not
guaranteedfor a weakly calibratedimagepair. The main
disadvantageof this methodis that it doesnot take advan-
tageof thefactthatthematchingambiguityin stereomatch-
ing is reducedto half epipolarlines. With the epipolesin
theimagesthis leadsto anunnecessarycomputationalover-
head.For somecasesthis couldevenleadto thefailureof
stereoalgorithmsthat enforcethe orderingconstraint.Al-
thoughthesizeof theimagesis alwaysfinite, it is not min-
imal sincethediameterof thecylinder is determinedonthe
worstcasepixel for thewholeimage.

Here we presenta simple algorithm for rectification
which candealwith all possiblecamerageometries.Only
the orientedfundamentalmatrix is required. All transfor-
mationsaredonein theimages.Theimagesizeis assmall
ascanbeachievedwithoutcompressingpartsof theimages.
This is achieved by preservingthe length of the epipolar
linesandby determiningthewidth independentlyfor every
half epipolarline.

For traditionalstereoapplicationsthelimitationsof stan-
dardrectificationalgorithmsarenotsoimportant.Themain
componentof cameradisplacementis parallelto theimages
for classicalstereosetups.The limited vergencekeepsthe
epipolesfar from the images. New approachesin uncal-
ibratedstructure-from-motion[14] however make it possi-



bleto retrieve3D modelsof scenesacquiredwith hand-held
cameras.In this caseforwardmotioncanno longerbeex-
cluded.Especiallywhena streetor a similar kind of scene
is considered.

This paperis organizedasfollows. Section2 introduces
the conceptof epipolargeometryon which the methodis
based.Section3 describestheactualmethod.In Section4
someexperimentson real imagesshow the resultsof our
approach.Theconclusionsaregivenin Section5.

2. Epipolar geometry

Theepipolargeometrydescribestherelationsthatexist
betweentwo images. Every point in a planethat passes
throughbothcentersof projectionwill beprojectedin each
imageontheintersectionof thisplanewith thecorrespond-
ing imageplane.Thereforethesetwo intersectionlinesare
saidto bein epipolarcorrespondence.

This geometrycan easily be recovered from the im-
ages[11] even whenno calibrationis available[6, 7]. In
general7 or more point matchesare sufficient. Robust
methodsto obtainthefundamentalmatrix from imagesare
describedin [16, 18]. The epipolargeometryis described
by thefollowing equation:���������
	�� (1)

where � and � � arehomogenousrepresentationsof corre-
spondingimagepoints and � is the fundamentalmatrix.
This matrix hasrank two, the right andleft nullspacecor-
respondsto theepipoles and  � which arecommonto all
epipolarlines. Theepipolarline correspondingto a point �
is thusgivenby � ��� ��� with � meaningequalityup to a
non-zeroscalefactor(a strictly positive scalefactorwhen
orientedgeometryis used,seefurther).

Epipolar line transfer The transfer of corresponding
epipolarlinesis describedby thefollowing equations:

� � ����� � � or � ��� � � � (2)

with � ahomographyfor anarbitraryplane.As seenin [12]
a valid homographycanimmediatelybeobtainedfrom the
fundamentalmatrix:� 	��  ���������  ��� � (3)

with � a randomvectorfor which det�! 	"� so that � is
invertible.If onedisposesof cameraprojectionmatricesan
alternativehomographyis easilyobtainedas:

��� � 	$#&%'� ��(*) % � (4)

where+ indicatestheMoore-Penrosepseudoinverse.
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Figure 1. Epipolar geometr y with the epipoles
in the images. Note that the matc hing ambi-
guity is reduced to half epipolar lines.

Orienting epipolar lines The epipolarlines canbe ori-
entedsuchthat the matchingambiguityis reducedto half
epipolarlines insteadof full epipolarlines. This is impor-
tantwhentheepipoleis in theimage.This factwasignored
in theapproachof Roy etal. [15].

Figure 1 illustratesthis concept. Pointslocatedin the
right halvesof theepipolarplaneswill beprojectedon the
right partof the imageplanesanddependingon theorien-
tationof the imagein this planethis will correspondto the
right or to theleft partof theepipolarlines.Theseconcepts
areexplainedmorein detail in thework of Laveau[10] on
orientedprojectivegeometry(seealso[8]).

In practicethis orientationcanbe obtainedas follows.
Besidesthe epipolargeometryonepoint matchis needed
(note that 7 or morematcheswereneededanyway to de-
terminethe epipolargeometry).An orientedepipolarline� separatesthe imageplaneinto a positive anda negative
region: ,.-./ ��0�	 � � � with �1	2� 354768� � (5)

Note that in this casethe ambiguityon � is restrictedto a
strictly positive scalefactor. For a pair of matchingpoints/ �:9;� � 0 both

, - / ��0 and

, -=< / � � 0 shouldhave the samesign .
Since � � is obtainedfrom � throughequation(2), this al-
lows to determinethe sign of � . Oncethis sign hasbeen
determinedthe epipolarline transferis oriented. We take
theconventionthatthepositivesideof theepipolarline has
thepositiveregionof theimageto its right. This is clarified
in Figure2.
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Figure 2. Orientation of the epipolar lines.

3. GeneralizedRectification

Thekey ideaof ournew rectificationmethodconsistsof
reparameterizingtheimagewith polarcoordinates(around
the epipoles).Sincethe ambiguitycanbe reducedto half
epipolarlinesonly positivelongitudinalcoordinateshaveto
betakeninto account.Thecorrespondinghalf epipolarlines
aredeterminedthroughequation(2) takingorientationinto
account.

Thefirst stepconsistsof determiningthecommonregion
for both images. Then, startingfrom one of the extreme
epipolarlines,therectifiedimageis build up line by line. If
theepipoleis in theimageanarbitraryepipolarline canbe
chosenasstartingpoint. In this caseboundaryeffectscan
be avoidedby addingan overlapof the sizeof the match-
ing window of thestereoalgorithm(i.e. usemorethan360
degrees).The distancebetweenconsecutive epipolarlines
is determinedindependentlyfor everyhalf epipolarlinesso
thatno pixel compressionoccurs.This non-linearwarping
allowsto obtaintheminimalachievableimagesizewithout
losingimageinformation.

Thedifferentstepsof thismethodsaredescribedmorein
detailin thefollowing paragraphs.

Determining the common region Before determining
the commonepipolarlines the extremalepipolarlines for
a singleimageshouldbedetermined.Thesearetheepipo-
lar lines that touchthe outer imagecorners.The different
regionsfor thepositionof theepipolearegivenin Figure3.
Theextremalepipolarlinesalwayspassthroughcornersof
the image(e.g. if the epipole  is in region 1 the areabe-
tween ?> and A@ ). The extremeepipolar lines from the
secondimagecanbeobtainedthroughthesameprocedure.
They shouldthenbetransferedto thefirst image.Thecom-
monregion is theneasilydeterminedasin Figure4

Determining the distance between epipolar lines To
avoid losingpixel informationtheareaof everypixel should
beat leastpreservedwhentransformedto therectifiedim-
age. The worst casepixel is always locatedon the image
borderoppositeto theepipole.A simpleprocedureto com-
putethis stepis depictedin Figure5. Thesameprocedure

4 5

7

c

6

1 2 3

98

d

ba

Figure 3. the extreme epipolar lines can easil y
be determined depending on the location of
the epipole in one of the 9 regions. The image
corner s are given by ��9 > 9CBD9 @ .
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Figure 4. Determination of the common re-
gion. The extreme epipolar lines are used to
determine the maxim um angle .
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Figure 5. Determining the minim um distance
between two consecutive epipolar lines. On
the left a whole image is sho wn, on the right
a magnification of the area around point >FE is
given. To avoid pix el loss the distance G � � B � G
should be at least one pix el. This minimal
distance is easil y obtained by using the con-
gruence of the triangles � > B and � � > � B � . The
new point > is easil y obtained from the previ-
ous by moving H IKJ8HH L�J8H pix els (down in this case).
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Figure 6. The image is transf ormed from (x,y)-
space to (r, M )-space . Note that the M -axis is
non-unif orm so that every epipolar line has an
optimal width (this width is determined over
the two images).

canbe carriedout in the otherimage. In this casethe ob-
tainedepipolarline shouldbe transferredback to the first
image.Theminimumof bothdisplacementsis carriedout.

Constructing the rectified image The rectified images
arebuild up row by row. Eachrow correspondsto a cer-
tain angularsector. The length along the epipolarline is
preserved. Figure6 clarifiestheseconcepts.The coordi-
natesof every epipolarline aresaved in a list for later ref-
erence(i.e. transformationback to original images). The
distanceof thefirst andthe lastpixelsarerememberedfor
every epipolarline. This informationallows a simple in-
versetransformationthroughtheconstructedlook-uptable.

Note that an upperboundfor the imagesize is easily
obtained. The height is boundby the contourof the im-
age NPO /RQ �TSU0 . The width is boundby the diagonalV QTW �XS W . Note that the imagesize is uniquelydeter-
minedwith our procedureandthat it is the minimum that
canbeachievedwithoutpixel compression.

Transfering information back Informationabouta spe-
cific point in theoriginal imagecanbeobtainedasfollows.
Theinformationfor thecorrespondingepipolarline canbe
lookedupfrom thetable.Thedistanceto theepipoleshould
becomputedandsubstractedfrom thedistancefor thefirst
pixel of the imagerow. Theimagevaluescaneasilybe in-
terpolatedfor higheraccuracy.

To warpa completeimagebacka moreefficient proce-
dure thana pixel-by-pixel warpingcanbe designed.The
imagecan be reconstructedradially (i.e. radar like). All
thepixel betweentwo epipolarlinescanthenbefilled in at
oncefrom theinformationthat is availablefor theseepipo-
lar lines. This avoidsmultiple look-upsin the table. More
detailsondigital imagewarpingcanbefoundin [17].

Figure 7. Image pair from an Arenber g castle
in Leuven scene .

Figure 8. Rectified image pair for both meth-
ods: standar d homograph y based method
(top), new method (bottom).

4. Experiments

As anexamplea rectifiedimagepair from theArenberg
castleis shown for both the standardrectificationandthe
new approach.Figure7 shows theoriginal imagepair and
Figure8 showstherectifiedimagepair for bothmethods.

A secondexampleshows that themethodsworksprop-
erly whenthe epipoleis in the image. Figure9 shows the
two original imageswhile Figure10showsthetwo rectified
images.In thiscasethestandardrectificationprocedurecan
notdeliver rectifiedimages.

A stereomatchingalgorithmwasusedonthis imagepair
to computethedisparities.Theraw andinterpolatedispar-
ity mapscan be seenin Figure 11. Figure 12 shows the
depthmapthatwasobtainedanda few views of theresult-



Figure 9. Image pair of the author s desk a
few days before a deadline . The epipole is
indicated by a white dot (top-right of ’Y’ in
’VOLLEYBALL’).

ing 3D model are shown in Figure 13. Note from these
imagesthat thereis an importantdepthuncertaintyaround
theepipole. In fact the epipoleforms a singularityfor the
depthestimation.In thedepthmapof Figure12 anartefact
canbeseenaroundthepositionof theepipole.Theextend
is muchlongerin onespecificdirectiondueto the match-
ing ambiguityin thisdirection(seetheoriginal imageor the
middle-rightpartof therectifiedimage).

5. Conclusion

In this paperwe have proposeda new rectificationalgo-
rithm. Although the procedureis relatively simple it can
deal with all possiblecamerageometries. In addition it
guaranteesaminimal imagesize.Advantageis takenof the
factthatthematchingambiguityis reducedto half epipolar
lines.Themethodwasimplementedandusedin thecontext
of depthestimation.Thepossibilitiesof this new approach
were illustratedwith someresultsobtainedfrom real im-
ages.
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